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Chapter 1
NONLINEAR PERTURBATIONS AND CONSERVATION
LAWS ON CURVED BACKGROUNDS IN GR AND
OTHER METRIC THEORIES
A.N. Petrov∗
Relativistic Astrophysics group, Sternberg Astronomical institute,
Universitetskii pr., 13, Moscow, 119992, RUSSIA
Abstract
In this paper we review the field-theoretical approach. In this framework pertur-
bations in general relativity as well as in an arbitrary D-dimensional metric theory
are described and studied. A background, on which the perturbations propagate, is a
solution (arbitrary) of the theory. Lagrangian for perturbations is defined, and field
equations for perturbations are derived from the variational principle. These equa-
tions are exact, equivalent to the equations in the standard formulation and have a
form that permits an easy and natural expansion to an arbitrary order. Being covari-
ant, the field-theoretical description is also invariant under gauge (inner) transforma-
tions, which can be presented both in exact and approximate forms. Following the
usual field-theoretical prescriptions, conserved quantities for perturbations are con-
structed. Conserved currents are expressed through divergences of superpotentials —
antisymmetric tensor densities. This form allows to relate a necessity to consider local
properties of perturbations with a theoretical representation of the quasi-local nature
of conserved quantities in metric theories. Properties of the conserved quantities un-
der gauge transformations are established and analyzed, this allows to describe the
well known non-localization problem in explicit mathematical expressions and oper-
ate with them. Applications of the formalism in general relativity for studying 1) the
falloff at spatial infinity in asymptotically flat spacetimes, 2) linear perturbations on
Friedmann-Robertson-Walker backgrounds, 3) a closed Friedmann world and 4) black
holes presented as gravitationally-field configurations in a Minkowski space, are re-
viewed. Possible applications of the formalism in cosmology and astrophysics are
also discussed. Generalized formulae for an arbitrary metric D-dimensional theory
are tested to calculate the mass of a Schwarzschild-anti-de Sitter black hole in the
Einstein-Gauss-Bonnet gravity.
PACS 04.20.Cv, 04.25.Nx, 04.50.+h, 11.30.-j.
∗E-mail address: anpetrov@rol.ru; Telephone number: +7 (495) 7315222.
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1 Introduction and preliminaries
1.1 Perturbations in gravitational theories, cosmology and relativistic astro-
physics
Much of research in general relativity (GR) is frequently carried out under the assump-
tion that perturbations of different kinds propagate in a given (fixed) background spacetime
(exact solution to the Einstein equations) [1] - [4]. A majority of cosmological and astro-
physical problems are also studied in the framework of a perturbation approach. It is quite
impossible to give a more or less full bibliography on this topic. Nevetherless, to stress the
importance of such studies, we shall outline shortly some of the related directions.
Cosmological perturbations on Freidmann-Robertson-Walker (FRW) backgrounds have
been considered beginning from the famous work by Lifshitz [5]. The Lifshitz principles
were developed by many authors in a variety of approaches (see, e.g., the popular review
[6], and a recent review [7]). As well known examples, one can note the following. The
effect of amplification of gravitational waves in an isotropic world was discovered by Gr-
ishchuk [8]; the gauge invariant theory of perturbations was formulated by Lukash [9] and
Bardeen [10]. Lately, non-trivial perturbations in FRW worlds are being considered more
frequently. For example, note the recent papers [11, 12] where, using the quasi-isotropic
expansions, the authors describe non-decreasing modes of adiabatic and isocurvature scalar
perturbations, and gravitational waves close to cosmological singularity. Deviations of a
space-time metric from the homogeneous isotropic background become large; while lo-
cally measurable quantities, like Riemann tensor components, are still close to their FRW
values. An approach, where integrals of FRW models are presented in a time independent
form both for “vacuum” and for “usual” matter, has been developed [13]. In the two last
decades, cosmological perturbations are considered not only in the linear approximation,
but including the second order also (see the recent review [14]).
The evolution of quantized fields, including gravitational and electromagnetic fields,
is intensively studied on curved backgrounds of various general classes, such as globally
hyperbolic, static with symmetry groups, etc. In this framework, exact solutions, like FRW,
anti-de Sitter (AdS) and Bianchi of different types, are also exploited as backgrounds. As an
example, note the theory which is being developed by Grishchuk (see the reviews [15, 16]
and references there in). Relic gravitational waves and primordial density perturbations are
generated by strong variable gravitational field of the early FRW universe. The generating
mechanism is the parametric amplification of the zero-point quantum oscillations. These
generated fields have specific statistical properties of squeezed vacuum quantum states.
Cosmological perturbations at the early inflation stage [17] also continue to be studied
(see, e.g., recent papers [18] - [20] and, e.g., reviews [21] - [23] and references there in).
Separately, the great interest to AdS spaces has been initiated by the discovery of the present
(not at the earlier inflation stage) accelerated cosmological expansion (see review [24]). To
explain the acceleration new cosmological solutions are searched [25]. On backgrounds of
such solutions perturbations are also to be considered.
Several black hole solutions [26], which could represent the neighborhoods of relativis-
tic astrophysics objects, also play a role of backgrounds for evolution of different kinds
of perturbations. Amplification and dispersion of metric perturbations (including gravita-
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tional waves), electromagnetic field and massless and mass scalar fields are studied on these
backgrounds (see, e.g., resent works [27] - [33]).
The rapid development of the detecting technique stimulates a development of the
gravitational-wave physics (see the recent detailed review [34] and references there in).
Thus the theoretical study of propagation and interaction of gravitational waves becomes
especially important. In the works by Alekseev (see [35, 36] and references there in), the
monodromy transform approach was developed for constructing exact solutions of the Ein-
stein equations with spacetime isometries. This method has been applied for exact solving
the characteristic initial value problem of the collision and subsequent nonlinear interaction
of plane gravitational or gravitational and electromagnetic waves with distinct wave fronts
in a Minkowski space [37] - [39].
Currently, following an extraordinary interest with brane models, D-dimensional metric
theories of gravitation have been examined more and more intensively. Fundamental works
on brane worlds have appeared two decades ago (as we know the works by Rubakov and
Shaposhnikov [40] and by Akama [41] are the first in this direction). Later, especially
after the works by Randall and Sundrum [42, 43], the interest to these models has risen
significantly (see, e.g., a review [44]). Perturbations, including gravitational waves, in the
framework of D-dimensional metric theories and brane models are also studied intensively
(see, e.g., [45] - [51] and references there in).
The list of directions, where perturbations on curved or flat backgrounds are studied,
could be continued. Impressing results were obtained in this direction. However, we would
like to note the problems associated with methods of such investigations, rather than the
results. As a rule, these methods are restricted since they are constructed for examination
of particular tasks only. Thus:
• Although the modern cosmic experimental and observable data require more detailed
theoretical results, frequently studies are carried out in the linear approximation only,
without taking into account the “back reaction”.
• Applying particular methods, one generally uses many additional assumptions. Thus.
it is not clear: what results are more general and what results change under a change
of these assumptions.
• It is difficult to understand: could an approach developed for a one concrete back-
ground be applied to other backgrounds. Frequently only simplified backgrounds are
used; etc.
• In each particular case, considering perturbations, one needs to fix gauge freedoms.
A concrete fixation is connected with a concrete mapping of a perturbed spacetime
onto a background spacetime. It turns out, that it is not so simple to understand what
gauge is “better”, or how to find a connection between different gauges, etc.
1.2 Conservation laws and their properties
Very important characteristics for studying perturbations are such quantities as energy-
momentum, angular momentum, their densities, fluxes, etc. However, as is well known, the
definition of energy and other conserved quantities in GR has principal problems, which are
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well described in many textbooks (see, e.g., [3]). We repeat some related issues to stress
importance of these notions in a theoretical development of gravitational theory also.
It is useful to reconsider works by Einstein who paid special attention to conservation
laws for “energy components” tµν of the gravitational field. From the early stage, when
the theory was not yet presented in a satisfactory form (its equations were Rµν = κTµν ),
he examined the conservation law ∂ν(tµν + Tµν) = 0 [52, 53]. Then, the final form
Rµν = κ
(
Tµν − 12gµνTαα
)
of the GR equations was given in the work [54]. Einstein
himself explains this change [54] by saying that only the additional term−12gµνTαα leads to
a situation, when energy complexes both for the gravitational field, tµν , and for matter, Tµν ,
enter the field equations in the same manner. Thus, historically the analysis of conserved
quantities and conservation laws was crucial for constructing GR.
In the work [55], Einstein finally suggested the canonical energy-momentum complex
for the gravitational field tµν . Later it was called as the Einstein pseudotensor. As an appli-
cation, Einstein used tµν to outline gravitational waves [56] - [58]. From the beginning he
stressed that tµν is a tensor only under linear transformations. Under the general coordinate
transformations, tµν can change and even be equal to zero. Einstein interpreted this as a
“non-localization” of gravitational energy, which is a special property of the gravitational
field, and not a defect of the theory. This was a reason for numerous criticism and discus-
sions. Protecting his theory, Einstein himself was the first who gave physically reasonable
arguments (see, e.g., [59]).
The criticism far from killing the theory, was a reason for the intensive study of prop-
erties of gravitational field in GR and its further development. Following Einstein, in next
decades a great number of methods were suggested for defining conserved quantities in GR.
As a result of these efforts, important theoretical tests, which restrict an ambiguity in the
definition of conserved quantities, were elaborated. Thus, mathematical expressions have
to give acceptable quantities for black hole masses, for angular momentum in the Kerr so-
lution, for fluxes of energy and momentum in the Bondi solution; also, a positive energy
density for weak gravitational waves. However, due to nontrivial peculiar properties of
conserved quantities in GR, up to now:
• Frequently, it is very difficult to find a connection between different definitions;
sometimes definitions even contradict one another; sometimes definitions (especially
earlier) are not-covariant; etc.
• Sometimes definitions are not connected with perturbations.
Now, let us present the modern point of view on the non-localization problem. Con-
sidering the physical foundation of the theory it is clear that the non-localization is directly
connected with the equivalence principle (see, e.g., [3]). On the other hand, the situation
can be also explained by the fact that GR is a geometric theory where spacetime, in which
all physical fields propagate, itself is a dynamical object. (Of course, the non-localization
problem is related to all the metric theories of gravity, not only to GR.) Due to these objec-
tive reasons, sometimes the problem of conserved quantities in metric theories is presented
as ill-defined. However, only the fact of non-localization cannot imply that these notions
are meaningless. Without a doubt gravitational interaction contributes to the total energy-
momentum of gravitating system [3]. Indeed, describing a binary star system one needs
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to consider gravitational energy as a binding energy; considering gravitational waves in an
empty domain of space one finds a positive energy of this domain as a whole; etc. All of
these are related to non-local characteristics. This conclusion is supported by the mathe-
matical content of GR. Szabados [60] clearly expresses it as follows. “... the Christoffel
symbols are not tensorial, but they do have geometric, and hence physical content, namely
the linear connection. Indeed, the connection is a non-local geometric object, connecting
the fibers of vector bundle over different points of the base manifold. Hence any expression
of the connection coefficients, in particular the gravitational energy-momentum or angu-
lar momentum, must also be non-local. In fact, although the connection coefficients at a
given point can be taken zero by appropriate coordinate/gauge transformation, they cannot
be transformed to zero on an open domain unless the connection is flat.”
Thus the non-localization is natural and inevitable. However, up to now there is no
simple and clear description of it. Therefore:
• It is important to give mathematical expressions, which constructively present the
non-localization of conserved quantities in metric theories.
The non-localization has to be connected with gauge properties in the description of per-
turbations. Thus, a solution of this problem has to give a possibility to find reasonable
assumptions for a gauge fixation, which allow to describe certain quantities as localized
ones.
It is natural that due to the aforementioned peculiar properties of gravitational field
much attention has been paid just to non-local characteristics. Thus the total energy-
momentum and angular momentum of a gravitating system in whole spacetime were studied
intensively. Such quantities are frequently called as global ones. In this context asymptot-
ically flat spacetimes are considered in details (see, for example, earlier reviews [61, 62],
also recent papers and reviews [63] - [67] and numerous references there in). One of the
great achievements was the proof of the positivity of the total energy for an isolated system
[70] - [73] (see also the review [74]). The global conserved quantities for asymptotically
curved backgrounds (like AdS space and some others) are also studied intensively (see, e.g.,
[68] - [78]).
The aforementioned development has initiated a more intensive examination of the en-
ergy problem in GR. Conserved quantities became to be associated with finite spacetime
domains. Such quantities are called as quasilocal ones and can give a more detailed infor-
mation than the global quantities. In the last two-three decades the quasilocal approach has
became very popular. It is not our goal to present it here, moreover, recently a nice review
by Szabados [60] has appeared. Nevetherless, below we shortly outline some of important
quasilocal methods.
The Brown and York approach [79] is based on the generalized Hamilton-Jacobi analy-
sis. It considers a spatially restricted gravitating system on 3-dimensional spacelike section
Σ. A history of the boundary is a 3-dimensional timelike surface S (cylinder). It is as-
sumed that a 3-metric γij on S is fixed and plays a role of a time interval in the usual
non-relativistic mechanics, which defines initial and final configurations. They define the
energy-momentum tensor τ ij on S, as a functional derivative of an action with respect to
γij . An intersection of Σ with S is a 2-sphere B which is just a spatial boundary of the
system. Normal and tangential projections of τ ij onto B give surface densities of energy,
6 A.N. Petrov
momentum and space tensions on B which are quasi-local expressions. It is crucial to deter-
mine a reference flat space, which is uniquely defined by the isometric embedding B (with
a positive inner curvature) into a flat space. The Brown-York method received a significant
development in the works by Brown, Lau and York [80] - [85] and in works of other authors
(see review [60]). The recent work [86] could be considered as a mathematical textbook on
this approach.
At the first stages of constructing the Hamiltonian dynamics of GR by Arnowitt, Deser
and Misner [87] (ADM), surface integrals were neglected a priori and reappeared only
after disregarding non-physical degrees of freedom. One of the way of developing the
standard Hamiltonian description is the symplectic approach by Kijowski and Tulczyiew
[88], where it is noted that surface integrals are not less important than the volume ones.
Jezierski and Kijowski developed this approach in GR [89] - [91]. They use an “affine
formulation”, where the connection coefficients Γλµν are used rather, than the metric ones.
The gravitational field is considered inside a closed tube, at a boundary of which some
conditions are fixed to construct a closed Hamiltonian system. The Hamiltonian describes
the full energy inside the boundary and has a quasilocal sense [90]. In the linear gravity, the
requirement of positiveness of the Hamiltonian [89] leads to a “localization” of gravitational
energy with unique boundary conditions. As an application, gravitational waves on the
background of the Schwarzschild geometry were studied [91].
Based on the symplectic method Nester with co-authors [92] - [98] developed a so-
called 4-covariant Hamiltonian formulation both for GR and for generalized geometrical
gravitational theories. The Hamiltonian on-shell is a surface integral, which defines a
quasilocal conserving quantity inside a closed volume. For this approach a displacement
4-vector constructed from the lapse and shift, and a flat space defined at the boundary of
the volume are necessary. For the recent development and achievements of this fruitful
approach see the review paper [97].
Returning to the discussion of the previous subsection, we recall again on a necessity to
operate with local quantities in cosmological and astrophysical applications. Therefore, to
conclude the subsection let us formulate also the next task:
• It is important to connect local conserved characteristics with non-local quantities,
which appear in the theoretical considerations.
1.3 Goals of the review and plan of the presentation
Analyzing the problems accented in the previous subsections 1.1 and 1.2 a necessity in a
generalized and universal approach for describing perturbations, both in GR and in gener-
alized metric gravitational theories, becomes evident. A description, where perturbations
in a geometrical theory are considered on a curved or flat background, in fact, converts this
theory into the rank of a field theory, like electrodynamics in a fixed spacetime. A set of all
the perturbations acquires the sense of the dynamic field configuration. Then, it is desirable
to represent the perturbed gravitational metric theory in the field-theoretical form (or sim-
ply, field form) with all the properties of a field theory. We formulate these properties as the
following requirements:
(a) The field-theoretical formulation has to be covariant.
Nonlinear Perturbations and Conservation Laws. . . 7
(b) One can use an arbitrary curved background spacetimes (solutions to GR or another
metric theory).
(c) The perturbed system has to be represented as a dynamic field configuration, which
is associated with Lagrangian and corresponding action.
(d) The field equations (perturbation equations) have to be derivable from the action
principle.
(e) The conserved quantities and conservation laws also have to be derivable using the
variational principle.
(f) The field-theoretical formulation has to have gauge freedoms. Gauge transformations
and their properties have to be connected with the action.
(g) In order not to have restrictions in the use of orders of perturbations, it is required
to have an exact formulation for perturbed equations, conservation laws and gauge
transformations.
(h) Lastly, it is desirable to have a simple and explicit form convenient for applications.
Only such a derivation will permit the required universality and give a full description of
perturbations. Of course, the field-theoretical formulation has to be equivalent to the geo-
metrical one, without changing the physical content of the theory.
Thus, the goal of the paper is to suggest an approach, which gives a possibility to
present a perturbed metric (geometrical) gravitational theory in a field-theoretical form,
which satisfies the above requirements (a) - (h). In last two decades, all the necessary
elements of such an approach were developed in works by the author together with his
co-authors, and in other works all of which will be cited later. Therefore, from one point
of view, the present paper is a review of these works. On the other hand, the paper just
unites these works into a generalized and universal approach. Our task is to give an outline
of mathematical development of the approach with necessary mathematical expressions,
to demonstrate possibilities of the approach and its advantages, and to outline some of its
applications. Therefore we hope that the present work could be interesting both to the
experts in gravitational physics, e.g., in conservation laws in GR, and to cosmologists and
astrophysicists studying the evolution of perturbations on curved backgrounds. This paper
is not a review of all the numerous perturbation approaches and methods developed during
the history of GR. Therefore we apologize to the authors whose works are not referred here.
Let us discuss some of important points. First, a possibility to use an arbitrary curved
background means that any solution of the initial metric theory can be considered as a
background. Thus, the background can be flat, curved vacuum, or even curved including
background matter, i.e. it can be arbitrary. Second, as was accented, the field and geomet-
rical formulations of the theory have to be equivalent. This means that a solution of the
field formulation united together with a background solution have to be transformable into
a solution of the geometric formulation (initial metric theory). Symbolically this situation
is explained on the figure 1. Let the slightly sloping curve be related to a background and let
the oscillating curve mean a solution in the geometrical form, then the difference between
them symbolizes the solution in the field-theoretical form. Third, usually it is assumed that
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Figure 1: A symbolical connection between solutions of the same metric theory in the
geometrical and field-theoretical forms.
a perturbation of a quantity is less than a quantity itself. We do not impose this restriction
here. A realization of the requirements (a) - (h) means that the field-theoretical formulation
can be thought of as an independent exact field theory. Then, of course, the “amplitude” of
an exact solution of the exact theory can be more than “amplitude” of the background (see,
e.g., the right side of the figure 1).
At the earlier stage, Einstein was trying to construct a gravitational theory as a field
theory in Minkowski space, in the framework of special relativity. However, step by step
he had concluded that one needs to operate with curved spacetime only, Minkowski back-
ground space had disappeared from the consideration all together. The construction of
the field-theoretical formulation in the framework of the geometrical theory is, in a defi-
nite sense, the revival of the special relativity view. Moreover, as we remarked above, the
field-theoretical formulation really is an independent field theory and can be constructed by
independent ways (see below the discussion in subsections 2.1 and 2.2). However, there is
no contradiction here. The geometrical and field-theoretical formulations are two different
formulations of the same theory with the same physical content. The background spacetime
turns out non-observable and has a sense of only an auxiliary structure.
Up to now the Einstein theory retains its position as the most popular theory of gravity,
leading in all the applications. Thus, in this paper we pay a significant attention to con-
structing the field-theoretical formulation for GR which is presented in detail. On the other
hand, due to the rising precision of experiments and observables in cosmos and due to the
great interest to the brane models, other metric theories generalizing GR become more and
more popular and necessary. One of the main properties of the approach presented here is
its universality. We use this advantage and develop the field theoretical approach applied to
an arbitrary metric theory.
The paper is organized as follows. The next section 2 is devoted to the detail descrip-
tion of the field-theoretical formulation of GR on an arbitrary curved background, which
have all the properties of a self-dependent field theory. The essential attention is paid to an
invariance with respect to exact gauge transformations. The last do not effect both coordi-
nates and background quantities in the field-theoretical formulation and are connected with
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the general covariance of GR.
In section 3, we construct conservation laws for perturbations in GR in the framework
of the field-theoretical approach. Conserved currents and corresponding superpotentials are
presented. As an important instruments we use the canonical Nœther method and the Be-
linfante symmetrization prescription. The conserved quantities and conservation laws are
used for examination of asymptotically flat spacetime at spatial infinity, the closed Fried-
mann model, the Schwarzschild solution and linear perturbations on FRW backgrounds.
In section 4, we develop the field-theoretical approach to describe perturbations in an
arbitrary D-dimensional metric theory of gravity on a fixed background. We construct gen-
eralized conserved currents and corresponding superpotentials with again the essential use
of the Nœther and Belinfante methods. The conserved quantities are tested in the Einstein-
Gauss-Bonnet gravity for calculating the mass of the Schwarzschild-anti-de Sitter black
hole.
1.4 Notations
Here, we present notations, which will appear more frequently and which are more impor-
tant. In the text, together with these notations, numerous other notations will be used, they
will be outlined currently.
• Greek indexes numerate 4-dimensional spacetime coordinates as well as D-
dimensional spacetime ones. Usually x0 means a time coordinate, whereas small
Latin indexes from the middle of alphabet i, j, k, . . . mean 3-dimensional space co-
ordinates or (D − 1)-dimensional hyperspace coordinates;
• Large Latin indexes A, B, C, . . . are used as generalized ones for an arbitrary set of
tensor densities, for example, QA = {√−ggµν , φ, Tαβ};
• A dynamic metric of a metric theory is gµν (g = det gµν );
• Bar means that a quantity “QA” is a background one;
• Thus, gµν (g = det gµν) is a background metric. Indexes of all the quantities of a
perturbed system are raised and lowered by the background metric;
• Many expressions are presented as densities of the weight +1. The reasons are as fol-
lows. First, all the Nœther identities, which are explored intensively, are such densi-
ties in the initial derivation. Second, conservation laws have to be covariant, however
partial derivatives are crucial for application of the Gauss theorem. Divergences of
both vector densities (conserved currents) and antisymmetric tensor densities (super-
potentials) have this duality property. To accent these expressions we use “hats”, as
more economical notations in this situation. Thus, a quantity “QˆA” is such a density,
it could be a tensor multiplied by √−g or √−g (for example, Qˆαβγ =
√−gQαβγ),
or QˆA could be be independent on these determinants, a situation will be clarified
from the context;
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• ηµν is a Minkowskian metric in the Lorentzian coordinates; sometimes √−η is used
explicitly instead of 1 to stress that a quantity, say Qˆαβγ =
√−ηQαβγ , is a density
of the weight +1;
• lˆµν = gˆµν − gˆµν = √−ggµν − √−g gµν is a more important form of the metric
perturbations;
• Partial derivatives are denoted by (,i), (,α), or ∂i, ∂α,;
• Dα and Dα are covariant derivatives with respect to gµν and gµν with the Chistoffel
symbols Γαβγ and Γ
α
βγ , respectively;
• ∆αβγ = Γαβγ − Γ
α
βγ is the tensor actively used in the paper;
• ξα is an arbitrary displacement vector, whereas λα is a Killing vector of a back-
ground;
• The Lie derivative is defined as
£ξQ
A = −ξαDαQA + QA
∣∣∣α
β
Dαξ
β ,
note the opposite sign to the usual one, QA
∣∣∣α
β
is defined by the transformation prop-
erties of QA;
• ζµν = −12£ξgµν is the tensor actively used in the paper;
• The Lagrangian derivative is defined as usual:
δQA(qB, qB,α, q
B
,αβ, . . .)
δqC
=
∂QA
∂qC
− ∂α
(
∂QA
∂qC,α
)
+ ∂αβ
(
∂QA
∂qC,αβ
)
− . . .
• Rαµβν , Rµν , Gµν , Tµν , R and Rαµβν , Rµν , Gµν , T µν ,R are the Riemannian, Ricci,
Einstein, matter energy-momentum tensors and the curvature scalar for the physical
and background spacetimes.
• Usually index “L” means a linearization, for example, GLµν and ΦLµν mean linearized
pure gravitational and matter parts of the gravitational field equations;
• The conserved currents are defined in the framework of different approaches as fol-
lows. In the case of GR: Jˆµ(c) is defined with the use of the canonical Nœther pro-
cedure; Jˆµ(s) is defined with the use of the field-theoretical prescription, based on the
symmetrical energy-momentum tensor; Jˆµ(B) is the canonical current corrected with
the use of the Belinfante method. The correspondent superpotentials in GR are Jˆµν(c) ,
Jˆµν(s) and Jˆ
µν
(B);
• Analogous currents in superpotentials in an arbitrary D-dimensional metric theory
are respectively Iˆµ(c), Iˆµ(s), Iˆµ(B) and Iˆµν(c), Iˆµν(s), Iˆµν(B);
• (αβ), (ik) and [αβ], [ik] mean symmetrization and antisymmetrization;
• κ — the “Einstein” constant both in GR and in an arbitrary metric theory.
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2 The exact field-theoretical formulation of GR
2.1 Development of the field approach
The study of perturbations in GR, in fact, was begun by Einstein himself. However, as
a separate field, the history of the field-theoretical approach in GR began in 40’s — 50’s
of XX century. Perturbed Einstein equations are rewritten as follows. Define the metric
perturbations on a flat background in the Lorentzian coordinates as lˆµν = gˆµν −√−ηηµν ;
lµν = (
√−η)−1 lˆµν . The terms linear in metric perturbations are placed on the left hand side
of the Einstein equations, whereas all the nonlinear terms are transported to the right hand
side, and together with a matter energy-momentum tensor are treated as a total (effective)
energy-momentum tensor t(tot)µν . Then Einstein equations are rewritten in the equivalent
perturbed form as
GLµν = κt
(tot)
µν (2.1)
where, raising the indexes by ηαβ , one has the left hand side in the form:
GµνL ≡ 12(lµν,α,α + ηµν lαβ,αβ − lαµ,ν ,α − lαν,µ,α) . (2.2)
Its divergence identically is equal to zero: ∂νGµνL ≡ 0. Then, one obtains directly the
differential conservation law
∂νt
µν
(tot) = 0 . (2.3)
This picture was developed in a form of a Lagrangian based field theory with self-
interaction in a fixed background spacetime, where t(tot)µν is obtained by variation of an
action with respect to a background metric. Following the introduction in the Deser work
[99], below, we shall present the main steps in this derivation, the corresponding bibliogra-
phy can also be found in [99]. Assume that a field theory of gravity in a Minkowski space is
constructed. By known observable tests (see, e.g., textbook [3]), the most preferable type of
the gravitational field is the tensor field, say lµν . The linear (approximate) equations have
to have the form GLµν = 0 and are defined by the quadratic Lagrangian Lˆg(2). Keeping a
symmetrical energy-momentum tensor of matter fields φA as a source of GLµν one obtains
GLµν(l) = κTµν(φ, η) . (2.4)
Identically ∂νGLνµ ≡ 0, therefore ∂νT νµ = 0. However, there is a contradiction between
the conservation law ∂νT νµ = 0 and equations of motion for interacting fields φA. How
does one avoid this? The right hand side of Eq. (2.4) is to be obtained by variation (con-
ventionally) both with respect to ηµν and lµν . Therefore one needs to make an exchange{
φA, ηµν
}
→
{
φA, ηµν + lµν
}
both in the matter Lagrangian and in the matter energy-
momentum tensor. This just means the universality of gravitational interaction. Next, one
has to include the gravitational self-interaction. Therefore one adds the symmetrical energy-
momentum tensor of the gravitational field t(2)gµν (l), corresponding to Lˆg(2), to the right hand
side of (2.4) together with Tµν(φ, η + l). But the equations that include t(2)gµν (l) can be ob-
tained if a cubic Lagrangian is added, Lˆg(2)+ Lˆg(3). After this one needs to consider the next
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level, and so on. In the result, one obtains the final variant of the gravitational equations:
GLµν(l) = κ
[
Tµν(φ, l + η) +
∞∑
n=2
t(n)gµν (l)
]
. (2.5)
It turns out that the equations (2.5) are exactly the Einstein equations, i.e. equations (2.1).
After the identification
√−ηηµν + lˆµν ≡ √−ggµν one has only the dynamical metric
gµν , whereas the background metric ηµν and the field lµν completely disappear from the
consideration.
Deser himself [99], unlike (2.5), has suggested the field formulation of GR without
expansions. As dynamical variables he used the two independent tensor fields lµν and ∆αµν
of the 1-st order formalism. After variation of the corresponding action he derives the
equations in the form:
GLµν(l) = κ
[
tgµν(l,∆) + t
m
µν
]
, (2.6)
instead of (2.5). After identifications √−ηηµν + lˆµν ≡ √−ggµν and ∆αµν ≡ Γαµν the
equivalence with the Einstein equations is confirmed, but only in the Palatini form, where
gµν and Γαµν are used as independent variables.
In the work [100] we have generalized the Deser approach [99]. Instead of the back-
ground Minkowski space with the Lorenzian coordinates we consider an arbitrary curved
background spacetime with a given metric gµν and given matter fields Φ
A
satisfying the
background Einstein gravitational and matter equations. We also use the 1-st order formal-
ism. The gravitational equations get the generalized form:
GˆLµν(l) + Φˆ
L
µν(l, φ) = κ
[
tˆgµν(l,∆) + tˆ
m
µν
]
(2.7)
where the left hand side is linear in lˆµν and φA and defined later in Eqs. (2.25) - (2.27). The
term ΦˆLµν appears due to Φ
A
. Equivalence with GR in the ordinary derivation is stated after
identifications: gˆµν + lˆµν ≡ gˆµν , Γαµν +∆αµν ≡ Γαµν and ΦA + φA ≡ ΦA. In the following
years we have developed the principles of the work [100] and have used this approach in
many applications. Our results are presented in the papers [101] - [121], on the basis of
which, in a more part, the present review was written.
Elements of the field approach in gravity are also actively developing nowadays in other
approaches. Thus, in [122], a requirement only of the first derivatives of metrical perturba-
tions in the total symmetrical energy-momentum tensor has led to a new field formulation
of GR in Minkowski spacetime, which is different from the formulation in [100]. The new
total energy-momentum tensor is the source for the non-linear left hand side. On the basis
of this new field formulation an interesting variant of the gravitational theory with non-zero
masses of gravitons was developed [123]. A comparison and a connection of the works
[100, 122, 123] are discussed in [124] in detail. In [125], the work [100] was developed
to construct the total energies and angular momenta for d + 1-dimensional asymptotically
anti-de Sitter spacetime. The properties of the field approach [100] appear independently in
many concrete problems. For example, in [126, 127] a consideration of linear perturbations
on FRW backgrounds leads to the linear approximation of the exact field formulation of
GR [100]. In [128], as a development of the field approach, a class of so-called “slightly
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bimetric” gravitation theories was constructed. In [129, 130], a behaviour of light cones
in Minkowski space and effectively curved spacetimes was examined. Then, based on the
causality principle, a special criterium was stated. In [131] this criterium was used to show
that if spatially flat FRW big bang model is considered as a configuration on a flat back-
ground, then the cosmological singularity is banished to past infinity in Minkowski space.
The references to earlier works and the theoretical foundation for the field approach can be
found in the works [132] - [134]. To the best of our knowledge up to date bibliography
related to the field approach in gravity can be found in [128] - [131].
2.2 Various directions in the construction
There are various possibilities to approach the field-theoretical formulation of GR, which
are based on different foundations. Here, we shall discuss the well known and important
ones. The principle used by Deser [99] could be formulated as follows:
• The source of the linear massless field of spin two (of gravitational field) in
Minkowski space is to be the total symmetrical (metric) energy-momentum tensor
of all the dynamical fields, including the gravitational field itself.
Using this principle Deser has constructed a corresponding Lagrangian and field equations
and energy-momentum tensor following from it. We have generalized the Deser approach
on arbitrary curved backgrounds [100]. His principle has been reformulated in a way that
the linear left hand side of perturbed gravitational equations has to be of the form in Eq.
(2.7), i.e. together with GˆLµν one has to include the, linear in matter perturbations, part ΦˆLµν .
The analogous principle was suggested for perturbed matter equations.
The next known method was most clearly presented by Grishchuk [134] and shortly can
be formulated as:
• A transformation from gravistatic (Newton law) to gravidynamics, i.e. to a relativistic
theory of gravitational field (general relativity), equations of which (Einstein equa-
tions) describe gravitational waves.
Following this direction, one has to transform the Newton law ∆φ = −4πGρ into a special
relativity description. To satisfy the relativistic requirement a) the mass density ρ has to be
generalized to 10 components of the matter stress-energy tensor Tµν ; b) the single compo-
nent φ should also be replaced by 10 gravitational potentials lµν ; c) the Laplace operator
should be replaced by the d’Alembert operator; d) the gravitational field has to be nonlinear
and, thus, has to be a source for itself. Following this reformations one obtains the gener-
alized equations: 12 l
,α
µν ,α = κ(t
g
µν + Tµν). They imply that the gauge condition lµν,ν = 0
is already chosen. e) To reconstruct the gauge invariance properties it is necessary to add to
the left hand side the terms 12
(
ηµν l
αβ
,α,β − lαµ,ν,α − lαν,µ,α
)
. As a result, one obtains Eq.
(2.1), which is just the Einstein equations.
The field formulation of GR can be also constructed based on the gauge properties
(see our work [107]). This direction is analogous to the method in the gauge theories of
the Yang-Mills type, which are constructed by localizing parameters of a gauge group.
However, unlike usual, we postulate a non-standard way of localization, namely:
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• A “localization” of Killing vectors of the background spacetime.
This assumes the existence of a fixed background spacetime with symmetries presented by a
Killing vector field λα, in which initial dynamic fields φA are propagated. It is noted that an
action for the initial fields is invariant, up to a surface term, under the transformation φA →
£λφ
A
. Next, the Killing vector is changed for an arbitrary vector ξα, that is localized. Then
the invariance is destroyed. To restore it the compensating (gauge) field has to be included.
In doing so the coordinates and the background metric do not change. The requirements to
have the gauge field as an universal field and to have the simplest sought-for action for the
free gauge field lead just to the field formulation of GR, developed in [100].
As a rule, a fixed background spacetime, in which perturbations are studied, is de-
termined by the problem under consideration (see subsections 1.1 and 1.2 in Introduction).
Thus the background could be assumed as a known solution to the Einstein equations. Then
one has to study the perturbed (with respect to this background) Einstein equations. As al-
ready was noted above, this picture can be developed as a Lagrangian based field theory,
where the first step is:
• The decomposition of dynamical variables of GR into background variables and dy-
namic perturbations.
This method is evident in itself and has the explicit connection with the ordinary geomet-
rical formulation of GR. Namely this method is easily adopted for constructing the field-
theoretical formulation in the framework of an arbitrary metric theory. In the next subsec-
tions, basing on the works [100, 103, 104], we present it in detail. However, although the
construction was developed for both in the 1-st and in the 2-nd order formalisms, here, we
use the 2-nd order formalism only since it is more convenient and suitable. To the best of
our knowledge, Barnebey [135] was the first who suggested to use the 2-nd order formalism
for an exact (without expansions) description of perturbations in GR.
2.3 A dynamical Lagrangian
Let us consider the Einstein theory and write out its action
S =
1
c
∫
d4xLˆE ≡ − 1
2κc
∫
d4xRˆ(gµν) +
1
c
∫
d4xLˆM(ΦA, gµν) , (2.8)
LˆM depends on ΦA and their derivatives up to a finite order. Then, the gravitational and
matter equations corresponding to the Lagrangain (2.8) are
δLˆE
δgˆµν
= − 1
2κ
δRˆ
δgˆµν
+
δLˆM
δgˆµν
= 0 , (2.9)
δLˆE
δΦA
=
δLˆM
δΦA
= 0 . (2.10)
The form of Eq. (2.9) corresponds to the form of the Einstein equations
Rµν − κ
(
Tµν − 12gµνTαα
)
= 0 , (2.11)
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whereas a more customary form is
√−g (Gµν − κTµν) ≡ Gˆµν − κTˆµν = 0 , (2.12)
which is obtained by variation with respect to gµν .
Next, let us define the metric and matter perturbations with the use of the decomposi-
tions:
gˆµν ≡ gˆµν + lˆµν , (2.13)
ΦA ≡ ΦA + φA . (2.14)
It is assumed that the background quantities gˆµν and ΦA are known and satisfy the back-
ground (given) system, which is defined as follows. Its action is
S =
1
c
∫
d4xLˆE ≡ − 1
2κc
∫
d4xRˆ+
1
c
∫
d4xLˆM . (2.15)
The corresponding to the Lagrangian in (2.15) background gravitational and matter equa-
tions have the form of the barred equations (2.9) and (2.10):
− 1
2κ
δRˆ
δgˆ
µν +
δLˆM
δgˆ
µν = 0 , (2.16)
δLˆM
δΦ
A
= 0 . (2.17)
Frequently we use a Ricci-flat background with the background equations
Gˆµν = Rˆµν = 0. (2.18)
Now let us classify the perturbations lˆµν and φA as independent dynamic variables,
which present a field configuration on the background of the system (2.16) and (2.17). To
describe this dynamical configuration we construct a corresponding Lagrangian called as
a dynamical one [104]. After substituting the decompositions (2.13) and (2.14) into the
Lagrangian LˆE of the action (2.8) and subtracting zero’s and linear in lˆµν and φA terms of
the functional expansion of the Lagrangian LˆE one has
Lˆdyn = LˆE(g+ l, Φ+φ)− lˆµν δLˆ
E
δgˆ
µν −φA
δLˆE
δΦ
A
−LˆE− 1
2κ
∂αkˆ
α = − 1
2κ
Lˆg+Lˆm . (2.19)
As is seen, zero’s order term is the background Lagrangian, whereas the linear term is
proportional to the left hand sides of the background equations (2.16) and (2.17).
In Eq. (2.19) a vector density kˆα is not concreted. However, consider kˆα defined as
kˆα ≡ gˆαν∆µµν − gˆµν∆αµν (2.20)
with ∆ρµν presented as the perturbations of the Cristoffel symbols
∆αµν ≡ Γαµν − Γαµν = 12gαρ
(
Dµgρν +Dνgρµ −Dρgµν
)
, (2.21)
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and depending on lˆµν through the decomposition (2.13). Then a pure gravitational part in
the Lagrangian (2.19) is presented in the form:
Lˆg = Rˆ(gˆµν + lˆµν)− lˆµνRµν − gˆµνRµν + ∂µkˆµ
= −(∆ρµν −∆σµσδρν)Dρ lˆµν + (gˆµν + lˆµν)
(
∆ρµν∆
σ
ρσ −∆ρµσ∆σρν
)
. (2.22)
It depends only on the first derivatives of the gravitational variables lˆµν . In the case of a
flat background the Lagrangian (2.22) transfers to the covariant Lagrangian suggested by
Rosen [136], which has been rediscovered in [137] and [101]. The matter part of (2.19) is
Lˆm = LˆM
(
g + l, Φ+ φ
)
− lˆµν δLˆ
M
δgˆ
µν − φA
δLˆM
δΦ
A
− LˆM . (2.23)
2.4 The Einstein equations in the field formulation
The variation of the action with the Lagrangian (2.19) with respect to lˆαβ and the contraction
with
√−g(δαµδβν − 12gµνgαβ) give the field equations in the form:
GˆLµν + Φˆ
L
µν = κ
(
tˆgµν + tˆ
m
µν
)
≡ κtˆ(tot)µν . (2.24)
They coincide with the form (2.7), only now in the 2-nd order formalism. The left hand
side of Eq. (2.24) is linear in lˆµν and φA. It consists of the pure gravitational part
GˆLµν(lˆ) ≡
δ
δgµν
lˆρσ
δRˆ
δgˆ
ρσ (2.25)
≡ 12
(
DρD
ρ
lˆµν + gµνDρDσ lˆ
ρσ −DρDν lˆ ρµ −DρDµ lˆ ρν
)
, (2.26)
which is the covariantized expression (2.2), and of the matter part
ΦˆLµν(lˆ, φ) ≡ −2κ
δ
δgµν

lˆρσ δLˆM
δgˆ
ρσ + φ
A δLˆM
δΦ
A

 . (2.27)
It disappears for Ricci-flat backgrounds (2.18), and then Eq. (2.24) acquires the form of
Eq. (2.1). The right hand side of Eq. (2.24) is the symmetrical energy-momentum tensor
density
tˆ(tot)µν ≡ 2
δLˆdyn
δgµν
≡ 2 δ
δgµν
(
− 1
2κ
Lˆg + Lˆm
)
≡ tˆgµν + tˆmµν . (2.28)
The explicit form of the gravitational part is
tˆgµν =
1
κ
[√−g (−δρµδσν + 12gµνgρσ
) (
∆αρσ∆
β
αβ −∆αρβ∆βασ
)
+Dτ Qˆ
τ
µν
]
; (2.29)
2Qˆτµν ≡ −gµν lˆαβ∆ταβ + lˆµν∆ταβgαβ − lˆτµ∆ανα − lˆτν∆αµα + lˆβτ
(
∆αµβgαν +∆
α
νβgαµ
)
+ lˆβµ
(
∆τνβ −∆αβρgρτgαν
)
+ lˆβν
(
∆τµβ −∆αβρgρτgαµ
)
. (2.30)
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The matter part is expressed through the usual matter energy-momentum tensor density Tˆµν
of the Einstein theory as
tˆmµν = Tˆµν − 12gµν Tˆαβgαβ − 12gµνgαβ
(
Tˆαβ − 12gαβ Tˆpiρgpiρ
)
− 2 δ
δgµν

lˆρσ δLˆM
δgˆ
ρσ + φ
A δLˆM
δΦ
A

− Tˆµν . (2.31)
Taking into account the definitions (2.27), (2.28) and (2.31) in the field equations (2.24)
one can rewrite them in the form:
GˆLµν = κ
(
tˆgµν + δtˆ
M
µν
)
= κtˆ(eff)µν ; (2.32)
δtˆMµν ≡ tˆMµν− tˆMµν = Tˆµν− 12gµνgρσTˆρσ− 12gµνgρσ
(
Tˆρσ − 12gρσgλτ Tˆλτ
)
− Tˆµν . (2.33)
The equation (2.32) has the form of Eq. (2.1) even on arbitrary backgrounds. The price is
that the effective source tˆ(eff)µν , including the matter part as δtˆMµν , does not follow from the
Lagrangian (2.19) directly. However, this matter part could be classified as a perturbation
of
tˆMµν ≡
δLˆM
(
Φ
A
+ φA; gˆ
µν
+ lˆµν
)
δgµν
. (2.34)
Return to the equations (2.24) in the whole. Transfer the energy-momentum tensor density
to the left hand side and use the definitions (2.25), (2.27) and (2.28) with (2.19):
GˆLµν + Φˆ
L
µν − κtˆ(tot)µν ≡
−2κ∂gˆ
ρσ
∂gµν
δ
δlˆρσ
[
− 1
2κ
Rˆ
(
gˆ
αβ
+ lˆαβ
)
+ LˆM
(
Φ
A
+ φA; gˆ
µν
+ lˆµν
)]
+ 2κ
δ
δgµν
(
− 1
2κ
Rˆ+ LˆM
)
= 0 . (2.35)
Because the second line contains the operator of the background Einstein equations in (2.16)
one can assert that Eq. (2.24) is equivalent to the Einstein equations (2.9).
By the same way the perturbed matter equations are constructed. They have the form:
ΦLA = t
m
A (2.36)
where
ΦLA(lˆ, φ) ≡ −
δ
δΦ
A

lˆρσ δLˆM
δgˆ
ρσ + φ
B δLˆM
δΦ
B

 , (2.37)
tmA ≡
δLˆm
δΦ
A
. (2.38)
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2.5 Expansions
The methods of the exact field-theoretical formulation give a possibility to construct an
approximate scheme easily and in clear expressions up to an arbitrary order in perturbations.
Let us show this. Assuming enough smooth functions, expand the Lagrangian LˆE(g+l, Φ+
φ) as
LˆE = LˆE + lˆρσ δLˆ
E
δgˆ
ρσ + φ
B δLˆE
δΦ
B
+
+
1
2!
lˆαβ
δ
δgˆ
αβ
lˆρσ
δLˆE
δgˆ
ρσ + lˆ
ρσ δ
δgˆ
ρσ φ
A δLˆE
δΦ
A
+
1
2!
φB
δ
δΦ
B
φA
δLˆE
δΦ
A
+
+
1
3!
lˆµν
δ
δgˆ
µν lˆ
αβ δ
δgˆ
αβ
lˆρσ
δLˆE
δgˆ
ρσ + . . .+ div . (2.39)
Then the dynamical Lagrangian (2.19) acquires the form:
Lˆdyn = 1
2!
lˆαβ
δ
δgˆ
αβ
lˆρσ
δLˆE
δgˆ
ρσ + lˆ
ρσ δ
δgˆ
ρσ φ
A δLˆE
δΦ
A
+
1
2!
φB
δ
δΦ
B
φA
δLˆE
δΦ
A
+ . . .+ div . (2.40)
First, note that a divergence in (2.40) is not so important because divergences vanish un-
der the Lagrange derivative. Second, now we can explain why in the linear terms of the
Lagrangian (2.19) the background equations are not taken into account before variation.
Indeed, the Lagrangian LˆE(g + l, Φ + φ) in (2.19) contains the same linear terms with
only the opposite sign not explicitly (the formula (2.39) shows this). Therefore, in fact,
these linear terms are compensated, and the real lowest order in the expansion of Lˆdyn is a
quadratic one (2.40). In this relation, recall that in the usual geometrical description of GR
the attempt to define the energy-momentum tensor through δLˆE/δgµν leads to zero on the
solutions of the Einstein equations. In contrast, tˆ(tot)µν in (2.28) does not vanish on the field
equations. The reason is just in the presence in the Lagrangian (2.19) of these linear terms.
Third, under necessary assumptions the series (2.40) can be interrupted at a correspond-
ing order. Thus the approximate Lagrangian for the perturbed system can be obtained. Its
variation gives both approximate field equations and energy-momentum tensor. For ex-
ample, the quadratic approximation of (2.40) gives a possibility a) to construct the linear
equations
− 1
2κ
(
GˆLµν(lˆ, φ) + Φˆ
L
µν(lˆ, φ)
)
≡ δ
δgµν

lˆρσ δLˆE
δgˆ
ρσ + φ
B δLˆE
δΦ
B

 = 0 , (2.41)
−ΦLA(lˆ, φ) ≡
δ
δΦ
A

lˆρσ δLˆE
δgˆ
ρσ + φ
B δLˆE
δΦ
B

 = 0 , (2.42)
b) to construct the quadratic energy-momentum tensor:
t(tot)µν =
2√
g
δ
δgµν

 1
2!
lˆαβ
δ
δgˆ
αβ
lˆρσ
δLˆE
δgˆ
ρσ + lˆ
ρσ δ
δgˆ
ρσ φ
A δLˆE
δΦ
A
+
1
2!
φB
δ
δΦ
B
φA
δLˆE
δΦ
A

 .
(2.43)
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The cubic approximation of (2.40) gives a possibility a) to construct the field equations
including quadratic terms (which are related to the energy-momentum tensor), and b) to
construct the energy-momentum tensor, including quadratic and cubic parts, etc.
Fourth, the expansions, like (2.39) - (2.43), are used in quantum field theories [4] and
called as functional expansions. As is seen, in the framework of the classic theory the func-
tional expansions (2.40) - (2.42) give, in fact, the algorithm for constructing the approximate
systems, thus an each order can be obtained automatically.
2.6 Gauge transformations and their properties
The important property of the field formulation is the gauge invariance. Usually gauge
transformations in GR and other metric theories are connected with mapping a spacetime
onto itself that is connected with differentiable coordinate transformations
x′
α
= fα(xβ) . (2.44)
These transformations can be connected with the smooth vector field ξα:
x′
α
= xα + ξα(x) +
1
2!
ξβξα,β +
1
3!
ξpi(ξβξα,β),pi + ... . (2.45)
To map the spacetime onto itself one has to follow the standard way [138] - [140]. After the
coordinate transformations (2.44) (or (2.45)) the metric density, for example, is transformed
as gˆµν(x)→ gˆ′µν(x′). Then return to the points with quantities x within a new frame {x′}.
After that one has to compare geometrical objects of the initial spacetime and of the mapped
spacetime in the points with quantities x. The comparison can be carried out both without
ξα in the terms of (2.44) and with ξα included in (2.45):
gˆ′µν(x) = gˆµν(x) + δf gˆ
µν = gˆµν(x) +
∞∑
k=1
1
k!
£
k
ξ gˆ
µν(x) , (2.46)
Φ′A(x) = ΦA(x) + δfΦ
A(x) = ΦA(x) +
∞∑
k=1
1
k!
£
k
ξΦ
A(x) . (2.47)
The next property is very useful. Assume that geometrical objects ΨB are differentiable
functions of other geometrical objects ψA and their derivatives, but are not explicit functions
of coordinates. Then it is clear that a simple substitution gives ΨB(ψ′A) = Ψ′B, and one
has
ΨB(ψ′A(x)) = ΨB(ψA(x)) + δfΨ
B = ΨB(ψA(x)) +
∞∑
k=1
1
k!
£ξ
kΨB . (2.48)
Now let us define the gauge transformations for the dynamical variables in the frame-
work of the field formulation of GR:
lˆ′µν = lˆµν + δf
(
gˆ
µν
+ lˆµν
)
= lˆµν +
∞∑
k=1
1
k!
£
k
ξ
(
gˆ
µν
+ lˆµν
)
, (2.49)
φ′A = φA + δf
(
Φ
A
+ φA
)
= φA +
∞∑
k=1
1
k!
£
k
ξ
(
Φ
A
+ φA
)
. (2.50)
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The assumptions above, in fact, state that the operators δf and
∑
∞
k=1
1
k! £
k
ξ are equivalent.
However, the operator δf could present a wider class of transformations, which cannot be
expressed through infinite series. We conserve a possibility to consider such transforma-
tions, however more frequently we will use the sums, keeping in mind that they can be
changed by δf also.
Now, let us substitute (2.49) and (2.50) into the dynamical Lagrangian (2.19). One finds
that this substitution into LˆE(gˆ + lˆ,Φ + φ) just permits to use the property (2.48). Then
finally one obtains
Lˆ′dyn = Lˆdyn +
∞∑
k=1
1
k!
£ξ
kLˆE(gˆ + lˆ,Φ + φ)− 1
2κ
∂α
(
kˆ′α − kˆα
)
−
(
lˆ′µν − lˆµν
) δLˆE
δgˆ
µν −
(
φ′A − φA
) δLˆM
δΦ
A
. (2.51)
Because LˆE is the scalar density of the weight +1 all the terms under the sum in (2.51) are
divergences. Thus Lˆdyn is gauge invariant up to a divergence if the background equations
(2.16) and (2.17) hold.
Considering the gauge invariance properties of the field equations we use their form
(2.35). The substitution of (2.49) and (2.50) with the use of the property (2.48) gives
[
GˆLµν + Φˆ
L
µν − κtˆ(tot)µν
]
′
=
[
GˆLµν + Φˆ
L
µν − κtˆ(tot)µν
]
+
∂gˆ
ρσ
∂gµν
∞∑
k=1
1
k!
£ξ
k

∂gδpi
∂gˆ
ρσ
(
GˆLδpi + Φˆ
L
δpi − κtˆ(tot)δpi
)
− 2κδLˆ
E
δgˆ
ρσ

 . (2.52)
Thus the field equations are gauge invariant on solutions of themselves and with using the
background equations (2.16) and (2.17). Analogous transformations could be presented for
the matter equations (2.36).
Concerning the energy-momentum tensor, it is not gauge invariant. Even on the dy-
namical equations, as it follows from (2.52), under the transformations (2.49) and (2.50)
one has
κtˆ′(tot)µν = κtˆ
(tot)
µν + Gˆ
L
µν(l
′ − l) + ΦˆLµν(l′ − l; φ′ − φ) . (2.53)
The mathematical reason is that the background equations in the Lagrangian (2.51) cannot
be taken into account before variation. In the case of the Ricci-flat backgrounds (2.18)
one has ΦˆLµν = 0, therefore the energy-momentum tˆ
(tot)
µν is gauge invariant up to GˆLµν —
covariant divergence (see (2.26)). Let us turn also to the equivalent form (2.32) of the
field equations with the effective source tˆ(eff)µν . For the operator of the field equations
GˆLµν − κtˆ(eff)µν the form of the transformations (2.52) can be used without changing. Then
on the field equations one has
κtˆ′(eff)µν = κtˆ
(eff)
µν + Gˆ
L
µν(l
′ − l) , (2.54)
i.e. for all the kinds of backgrounds tˆ(eff)µν is gauge invariant up to a covariant divergence.
It is not surprising that both the energy-momentum tensors are not gauge invariant. It is a
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Figure 2: The perturbations (a) and (b) connected by the gauge transformations.
waited result. Indeed, this reflects the fact that energy and other conserved quantities in GR
are not localized. Moreover, the formulae (2.53) and (2.54) are very useful because they
give a quantitative and constructive description of the non-localization. See the discussion
in subsection 1.2.
The transformations (2.49) and (2.50) are directly connected with a way of mapping a
perturbed spacetime onto a given background spacetime (a perturbed solution onto a given
solution). In the other words, they are connected with a definition of perturbations with
respect to a given background. Let us consider a solution in the geometrical form gˆµν(x).
Next let us map a spacetime onto itself following the prescription at the beginning this
subsection. Then we obtain gˆ′µν(x). After that we decompose both of the solutions into
dynamic and background parts:
gˆµν(x) = gˆ
µν
(x) + lˆµν(x) , (2.55)
(gˆ′µν)(x) = gˆ
µν
(x) + lˆ′µν(x) . (2.56)
The main property of (2.55) and (2.56) is that the background metric is the same. Then
it turns out that lˆµν(x) and lˆ′µν(x) are connected by the transformations in (2.49). This
situation is interpreted as follows. The same background in (2.55) and (2.56) is chosen
by different ways that symbolically is illustrated on the figure 2. The curves in both the
cases (a) and (b) symbolize the same solution of GR in the geometrical form, whereas the
straight lines present a background, say, a Minkowski space. The perturbations in the cases
(a) and (b) are different, but they are solutions to the equations of the field formulation
connected by the gauge transformations, and, thus, they are the same solution in different
forms. In spite of that the gauge transformations in the field formulation have the evident
geometrical origin, they can be interpreted as inner gauge transformations, like in standard
gauge theories. Indeed, they act only onto the dynamical variables (perturbations), whereas
the backgrounds variables and coordinates do not change.
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As discussed in Introduction, in many of applications it is important to consider equa-
tions and gauge transformations in linear and quadratic approximations. Assume that per-
turbations and their derivatives are small: lˆµν ≪ gˆµν , φA ≪ ΦA, lˆµν ≈ ∂α lˆµν . . . and
φA ≈ ∂αφA ≈ . . . . Assuming that the background equations (2.16) give a connection
gˆ
µν ≈ h(κ)ΦA with a coefficient h(κ) depending on the Einstein constant one has to set
lˆµν ≈ h(κ)φA, etc. Now, rewrite the equations (2.24) up to the second order in perturba-
tions:
GˆLµν(lˆ) + Φˆ
L
µν(lˆ, φ)− κtˆ(tot2)µν (lˆlˆ, lˆφ, φφ) = 0 . (2.57)
Assuming iterations the perturbations can be expanded as lˆµν = lˆµν1 + lˆ
µν
2 + ... , and
φA = φA1 + φ
A
2 + ... . Then the linear equations acquire the form:
GˆLαβ(lˆ1) + Φˆ
L
αβ(lˆ1, φ1) = 0 , (2.58)
whereas the quadratic equations have the form:
GˆLαβ(lˆ2) + Φˆ
L
αβ(lˆ2, φ2)− κ
(
tˆ
(gr2)
αβ (lˆ1 lˆ1) + tˆ
(m2)
αβ (lˆ1 lˆ1, lˆ1φ1, φ1φ1)
)
= 0 . (2.59)
Besides, assuming ξµ = ξµ1 + ξ
µ
2 + ... with ξ
µ
1 ≈ ∂αξµ1 ≈ . . . ≈ lˆµν1 ≈ h(κ)φA1 and
ξµ2 ≈ ∂αξµ2 ≈ . . . ≈ lˆµν2 ≈ h(κ)φA2 , one has a linear version of (2.49) in the simple form:
lˆ′µν1 = lˆ
µν
1 + £ξ1 gˆ
µν
= lˆµν1 +D
µ
ξˆν1 +D
ν
ξˆµ1 − gˆ
µν
Dρξ
ρ
1 , (2.60)
φ′A1 = φ
A
1 + £ξ1Φ
A
. (2.61)
Under these transformations the equations (2.58) are transformed as[
GˆLµν + Φˆ
L
µν
]
′
=
[
GˆLµν + Φˆ
L
µν
]
+
(√−gδρµδσµ − 12gµν gˆρσ
)
£ξ1
[
Rρσ − κ
(
T ρσ − 12gρσT
)]
(2.62)
and are, thus, gauge invariant on the background equations. In the simple case of the Ricci-
flat background (2.18) the linear transformations have only the form (2.60), without (2.61).
Then the formula (2.62) transfers to the formula Gˆ′Lµν = GˆLµν , which expresses the gauge
invariance of the linear field of spin 2. It is the well known gauge transformations in the
linear gravity [1, 3].
The quadratic order of the gauge transformations has a form;
lˆ′µν2 = lˆ
µν
2 + £ξ2 gˆ
µν
+
1
2!
£
2
ξ1 gˆ
µν
+ £ξ1 lˆ
µν
1
φ′A2 = φ
A
2 + £ξ2Φ
A
+
1
2!
£
2
ξ1Φ
µν
+ £ξ1φ
A
1 . (2.63)
Substitution of Eqs. (2.60) and (2.63) into (2.59) give[
GˆLµν(lˆ2) + Φˆ
L
µν(lˆ2, φ2)− κtˆ(tot2)µν
]
′
=
[
GˆLµν(lˆ2) + Φˆ
L
µν(lˆ2, φ2)− κtˆ(tot2)µν
]
+
∂gˆ
ρσ
∂gµν
(
£ξ2 +
1
2!
£
2
ξ1
) [
Rρσ − κ
(
T ρσ − 12gρσT
)]
+
+
∂gˆ
ρσ
∂gµν
£ξ1
[
∂gδpi
∂gˆ
ρσ
[
GˆLδpi(lˆ1) + Φˆ
L
δpi(lˆ1, φ1)
]]
. (2.64)
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Thus, equations (2.59) are gauge invariant on the background equations (2.16) and on the
linear equations (2.58). Of course, the procedure can be continued in the next orders.
In this subsection, we were based on the exact theory of gauge transformations devel-
oped in our works [100, 104]. Together with this, for the presentation we have used some
of details given in [101, 112, 113]. An arising interest to cosmological perturbations stim-
ulates their more detailed study including a second order approximation [14]. Thus it turns
out necessary to examine the gauge transformations up to a second order also. Such stud-
ies (independently on ours, but repeating them in main properties) were carried out, for
examples, in [141, 142].
2.7 Differential conservation laws on special backgrounds
The energy-momentum tensor is the one of important objects of a field theory in Minkowski
space. Its differential conservation together with symmetries of the Minkowski space permit
to construct integral conserved quantities (see subsection 3.2). The field formulation of GR
has also the conserved energy-momentum in Minkowski space with the same properties
(2.3). In this short subsection we demonstrate that the conservation law, like (2.3), also
has a place on curved backgrounds, which are important in many applications. Although
conservation laws and conserved quantities are constructed and studied in the next section
3 in detail, by the logic of the presentation we include this subsection here.
Firstly, consider Ricci-flat (including flat) backgrounds (2.18), which have an indepen-
dent meaning. This means that ΦA ≡ 0 and LˆM ≡ 0. Then the Lagrangian (2.19) is
simplified to
Lˆdyn = − 1
2κ
Lˆg + Lˆm = − 1
2κ
Lˆg + LˆM
(
φA; gˆ
µν
+ lˆµν
)
. (2.65)
The field equations (2.24) transform into the form
GˆLµν = κ
(
tˆgµν + tˆ
m
µν
)
≡ κtˆ(tot)µν . (2.66)
For (2.18) one has identically DνGˆLνµ ≡ 0 and, thus, a divergence of Eq. (2.66) leads to the
differential conservation law:
Dν tˆ
(tot)ν
µ = 0 . (2.67)
Now consider backgrounds presented by Einstein spaces in Petrov’s definition [143],
then the background equations are
Rµν = Λgµν (2.68)
where Λ is a constant. Ricci-flat and AdS backgrounds are particular cases of Einstein’s
spaces. The Lagrangian of the background system has the form:
LˆE = − 1
2κ
Rˆ+ LˆM = − 1
2κ
(
Rˆ− 2Λ√−g¯
)
. (2.69)
Here, the constant Λ is rather interpreted as ‘degenerated’ matter. Then, the dynamical
Lagrangian (2.19) transforms into
Lˆdyn = − 1
2κ
Lˆg + Lˆm = − 1
2κ
Lˆg +

LˆM (φA; gˆµν + lˆµν)− lˆµν δLˆM
δgˆ
µν − LˆM

 (2.70)
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and leads to the field equations (2.24) in the simple form:
GˆLµν + Λlˆ
µν = κ
(
tˆgµν + tˆ
m
µν
)
≡ κtˆ(tot)µν . (2.71)
Taking into account the background equations (2.68) one has identically
Dν
(
GˆLνµ + Λlˆ
ν
µ
)
≡ 0. (2.72)
Thus, the differentiation of Eq. (2.71) gives the same conservation law (2.67). In heuristic
form the differential conservation law on AdS and de Sitter (dS) backgrounds was used in
[68]; in the Lagrangian description it was shortly noted in [100]; and, in the paper [144], it
was studied in more detail.
2.8 Different definitions of metric perturbations
In GR, the metric perturbations can be defined by different decompositions:
gµν = gµν + hµν ,
gˆµν = gˆ
µν
+ lˆµν ,
gµν = gµν + rµν ,
. . . = . . .+ . . . , (2.73)
not only by (2.13). Denoting components of metrical densities in the united way
ga =
{
gµν , gµν ,
√−ggµν , √−ggµν , (−g)gµν , . . .
} (2.74)
we rewrite the action of GR as
S =
1
c
∫
d4xLˆE(a) ≡ − 1
2κc
∫
d4xRˆ(ga) +
1
c
∫
d4xLˆM (ΦA, ga) . (2.75)
After its variation the Einstein equations take the generalized form:
− 1
2κ
δRˆ
δga
+
δLˆM
δga
= 0 . (2.76)
The background action and equations have the corresponding to (2.75) and (2.76) barred
form. After that we present the united form for decompositions (2.73)
ga = ga + ha , (2.77)
and, following the rules of (2.19), construct the generalized dynamical Lagrangian:
Lˆdyn(a) = −
1
2κ
Rˆ (ga + ha) + LˆM
(
Φ
A
+ φA; ga + ha
)
− ha

− 1
2κ
δRˆ
δga
+
δLˆM
δga

− φA δLˆM
δΦ
A
−
(
− 1
2κ
Rˆ+ LˆM
)
− 1
2κ
∂ν kˆ
ν . (2.78)
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The total symmetrical energy-momentum tensor density is defined as usual:
tˆ(tot a)µν ≡ 2
δLˆdyn(a)
δgµν
. (2.79)
After substituting the expression (2.78) into this definition (identity) and taking into account
Eq. (2.76) and the barred Eq. (2.76) we obtain the Einstein equations in the form (2.24):
GˆL(a)µν + Φˆ
L(a)
µν = κtˆ
(tot a)
µν . (2.80)
Here, the linear left hand side is defined by the same operators (2.25) - (2.27), only now
with independent variables
lˆµν(a) ≡ ha
∂gˆ
µν
∂ga
. (2.81)
However, a choice of two different arbitrary decompositions as ga1 = ga1 + ha1 and
ga2 = g
a
2 + h
a
2, gives the difference
lˆµν(a2) − lˆµν(a1) = βˆµν(a)12 , (2.82)
which is not less than quadratic in perturbations. Because differences enter the linear ex-
pressions of equations (2.80) the energy-momentum tensor densities tˆ(tot 1a)µν and tˆ(tot 2a)µν
have the same differences too. For the case of flat backgrounds this ambiguity was noted
by Boulware and Deser [145]. Later we [104] have examined it for arbitrary curved back-
grounds and arbitrary metric theories. However, only in our works [116, 118] this ambiguity
has been resolved, and we present this solution in subsection 3.5.
3 Conservation laws in GR
3.1 Classical pseudotensors and superpotentials
During many decades after constructing GR pseudotensors and superpotentials were main
objects in constructing conservation laws and conserved quantities. In the framework of the
field-theoretical approach these notions and quantities, in a definite sense, are developed
and generalized. Therefore in this subsection we give a short review describing classical
pseudotensors and superpotentials, only which are necessary in our own presentation. On
their examples we outline the general properties of such objects, their problems and some
of modern applications.
Let us present the general way for constructing pseudotensors and superpotentials. Us-
ing the metric and its derivations construct an arbitrary quantity Uˆµαν , satisfying the condi-
tion
∂µαUˆµαν ≡ 0 . (3.1)
Next, define the complex
θˆµν ≡ ∂αUˆµαν −
1
κ
Gˆµν , (3.2)
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which usually is called as an energy-momentum pseudotensor of gravitational field. Using
the Einstein equations one obtains
Tˆ µν + θˆ
µ
ν = ∂αUˆµαν (3.3)
where Uˆµαν plays the role of a superpotential. Thus Eq. (3.3) is another form of the Einstein
equations. Due to (3.1) one has a differential conservation law
∂µ
(
Tˆ µν + θˆ
µ
ν
)
= 0 . (3.4)
Concerning the physical sense, it is the 4-dimensional continuity equation, which is the
differential conservation law derived directly from the field equations. As is seen, the above
construction has problems. First, it is an ambiguity in a definition of θˆµν and Uˆµαν , second,
these expressions are not covariant in general.
The presented picture, as a generalization, has been formulated after prolonged history
of constructing pseudotensors and superpotentials in GR (see a review [146]). Below we re-
call constructing some of well known expressions. In the work [55], following the standard
rules Einstein had suggested his famous pseudotensor. Firstly, a non-covariant Lagrangian
Lˆcut = − 1
2κ
gˆµν
(
ΓσµρΓ
ρ
σν − ΓρµνΓσρσ
)
(3.5)
had been suggested. It differs from the covariant Hilbert Lagrangian
LˆH = − 1
2κ
Rˆ (3.6)
by a divergence and leads to the same field equations (2.12). Next, the corresponding to
(3.5) canonical complex had been constructed:
tˆEµν =
∂Lˆcut
∂(∂µgαβ)
∂νgαβ − δµν Lˆcut , (3.7)
which is just the Einstein pseudotensor. Both the Lagrangian (3.5) and the pseudotensor
(3.7) depend on the metric gµν and only its first derivatives. Combining (3.7) and the field
equations Einstein had obtained the conservation law
∂µ
(
Tˆ µν + tˆ
Eµ
ν
)
= 0 , (3.8)
which is a variant of (3.4).
Later Tolman [147] had found the quantity Tˆ µαν with a property (3.1), and for which,
as a particular case of (3.3), one has Tˆ µν + tˆEµν ≡ ∂αTˆ µαν . From here the conservation
law (3.8) follows directly. However, Tˆ µαν is not antisymmetrical in α and β, whereas the
use of antisymmetrical superpotentials Uµαν = −Uαµν is more reasonable because it makes
explicit the identity (3.1) and presents less difficulties under covariantization, etc. Assuming
an antisymmetry Freud [148] had found out the superpotential
Fˆµαν ≡
1
2κ
gνρ√−g∂λ
[
(−g)
(
gµρgαλ − gµλgαρ
)]
, (3.9)
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such that
Tˆ µν + tˆ
Eµ
ν = ∂αFˆµαν , (3.10)
and connected with the Tolman one by Fˆµαν ≡ Tˆ µαν + ∂βΦˆµαβν ; ∂αβΦˆµαβν ≡ 0.
Many authors (see, e.g., more known publications [149] - [151] and the review [146])
considered the problem of an ambiguity in definition of conserved quantities described in
(3.1) - (3.4). It has turned out that some of pseudotensors and superpotentials are directly
connected with a Lagrangian through the Nœther procedure. This restricts some ambigui-
ties in their definitions. Naturally, the Eienstein pseudotensor is defined by the Lagrangian
(3.5) which, being generally non-covariant, is covariant with respect to linear coordinate
transformations. Then for translations λµ(α) = δ
µ
α one can write out the Nœther identity:
£λLˆcut + ∂µ
(
λµ(α)Lˆcut
)
≡ 0 . (3.11)
Direct calculations lead to ∂µ
(
κ−1Gˆµν + tˆ
Eµ
ν
)
≡ 0 with the definition (3.7) that after us-
ing Eq. (2.12) gives the conservation law (3.8). The general conclusion is formulated as
follows.
• In the sense of the Nœther procedure the pseudotensor (3.7) is uniquely defined by
the Lagrangian (3.5); other Lagrangians Lˆ = Lˆcut+ div lead to other pseudotensors.
Thus the identity (3.11) with the Hilbert Lagrangian (3.6) leads to
Tˆ µν + Mˆµν = ∂αχˆµαν , (3.12)
instead of (3.10), where the Møller [151] superpotential
χˆµαν ≡
1
2κ
√−ggµβgαρ (∂βgνρ − ∂ρgνβ) (3.13)
is used. The components Mˆ0ν(xα) of the pseudotensor in Eq. (3.12) are transformed as a
4-dimensional vector density under transformations x′k = fk(xl), x′0 = x0 + g(xl) [151].
In contrary, the corresponding components of the Einstein pseudotensor (3.7) do not. This
property of Mˆ0ν(xα), in a part, improves the general non-covariant picture.
The other problem is in a definition of angular momentum of a system. Both Einsten’s
and Mœller’s pseudotensors themselves, as canonical Nœther complexes, cannot define it.
One needs to modify these expressions or to construct new ones (see the review [146]).
One of methods to construct angular momentum, using unique energy-momentum com-
plex, is to construct symmetrical pseudotensors. Thus, Landau and Lifshitz have suggested
a such expression [1]. Their famous symmetrical pseudotensor tµνLL, like tˆEνµ , has only the
first derivatives, and is expressed through Einstein’s (3.7) and the Freud’s (3.9) expressions:
tµνLL = gˆ
µσ
,ρFˆ [νρ]σ + gˆµρ tˆEνρ . However, as is seen, it has an anomalous weight +2, un-
like expressions in (3.10) and (3.12) with the weight +1. Goldberg [150] generalized the
Landau-Lifshitz approach, suggesting a symmetrical pseudotensor of an arbitrary weight.
Concerning symmetrical expressions, return also to the the equation (2.1) and the ex-
pression (2.2). The last can be rewritten as
GˆµνL ≡ κ∂βPˆµ[νβ] , (3.14)
Pˆµ[νβ] ≡ 1
κ
∂α
(
lˆν[µηα]β − lˆβ[µηα]ν
)
. (3.15)
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One can find that Pˆµ[νβ] is the well known superpotential by Papapetrou [152]; in the linear
approximation it is Weinberg’s superpotential [153]; and, up to factor √−η, it coincides
also with the linear version of the Landau-Lifshitz superpotential [1]. Then the equation
(2.1) can be rewritten as
tˆµν(tot) = ∂βPˆµ[νβ] . (3.16)
This means that the conservation law (2.3) can be interpreted by the same way as the con-
servation law (3.4), i.e. in the framework of the superpotential approach.
It was a problem to relate modified superpotentials to Lagrangians, like it was done for
Freud’s (3.9) and Møller’s (3.13) ones. Only recently with the use of a covariant Hamil-
tonian formalism [94] (see subsection 1.2) Chang, Nester and Chen [95] closed this gap.
They describe GR by Hamiltonians with different surface terms corresponding to different
boundary conditions under variation. For each of known (covariantized) superpotentials
one can find its own Hamiltonian. Thus, the Dirichlet conditions correspond to the Freud
superpotential (3.9), Neuman’s ones — to Møller’s superpotential (3.13). All the other
superpotentials require more complicated boundary conditions. Recently Babak and Gr-
ishchuk [122] suggested a special Lagrangian including additional terms with Lagrangian
multipliers, which leads to a covariantized Landau-Lifshitz pseudotensor of normal weight
+1.
Of course, a non-covariance of pseudotensors and superpotentials lead to the evident
problems described in all the textbooks. In this relation, return to the Hilbert Lagrangian
(3.6) recalling that it is generally covariant. Thus, for constructing conservation laws one
can use arbitrary diplacement vectors ξµ, not just the linear translations λµ(α), like in (3.11).
Hence there has to exist a generally covariant energy-momentum complex and superpoten-
tial. Such quantities were found by Komar [154], his superpotential is
Kˆ[µα] =
√−g
2κ
(Dµξα −Dαξµ) =
√−g
κ
D[µξα] =
1
κ
D[µξˆα] . (3.17)
With ξµ = const it goes to the Møller superpotential (3.13). However, in spite of the
advantage with covariance, there are problems. The superpotential (3.17) does not make a
correct ratio of angular momentum to mass in the Kerr solution (see, e.g., [137, 140]).
The mentioned above problems could be neglected if resonable assumptions are made.
Then many classical pseudotensors and superpotentials could be useful for a description of
differerent physical systems. In this sense it is useful to return to Einstein’s arguments. First,
in spite of that the local conservation laws (3.8) are not covariant they have the same form
in every coordinate system. Being the continuity equations they give a balance between a
loss and a gain of a density of particularly defined physical quantities, and hence they state
the equilibrium of a system. The second remarkable Einstein’s example [59] is related to
masses connected by a rigid rod. Tensions in the road (which exist because Tˆ µν is present in
(3.8)) can be interpreted only as a compensation to tensions of gravitational field included
in tµEν . Third, Einstein had suggested also a simple method for the “localization” [58],
when an isolated system is considered as placed into “Galileian space”, and “Galileian
coordinates” are used for description. Finally, he had used his energy-momentum complex
to describe weak gravitational waves as metric perturbations with respect to a Mikowski
metric [56] - [58].
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At reasonable assumptions, pseudotensors and superpotentials are left useful nowa-
days too. Thus, usually quantities of global energy-momentum and angular momentum
for asymptotically flat spacetimes are calculated. For example, Bergmann-Tomson’s and
Landau-Lifshitz’s complexes give the same expressions for global angular momentum in
an isolated system [155]. In [156, 157], with the use of the Einstein, Tolman and Landau-
Lifshitz complexes reasonable energy and momentum densities of cylindrical gravitational
waves were obtained. Recently, in the work [158] with a careful set of assumptions it was
shown that a tidal work in GR calculated for different non-covariant energy-momentum
complexes is the same and unambiguous. Authors frequently use pseudotensors and super-
potentials to describe many popular exact solutions of GR (see [159] - [166] and references
there in). Particulary, it was shown that in many cases different pseudotensors give the same
energy distribution for the same solution.
However, in spite of some successes in applying pseudotensors and superpotentials,
it is clear that more universal and unambiguous quantities are more preferable. The next
subsection is devoted to possible ways in improving properties of the classical complexes.
3.2 Requirements for constructing conservation laws on curved backgrounds
From the beginning we recall how conservation laws are constructed in a field theory in a
Minkowski space. These principles are useful both to understand how classical pseudoten-
sors and superpotentials could be modified to avoid their problems and to better describe
and explain conservation laws in the field-theoretical formulation.
Consider an arbitrary theory of fields ψA in the Minkowski space in curved coordinates
with the Lagrangian
Lˆ(ψ) = Lˆ(ψ)
(
ψA,Dαψ
A, gµν
)
. (3.18)
For the sake of simplicity assume that it contains the first derivatives only. The symmetrical
(metric) energy-momentum tensor density is defined as usual:
tˆ(s)αβ ≡ 2
δLˆ(ψ)
δgαβ
. (3.19)
The density of the canonical energy-momentum tensor has the form:
tˆα(c)σ ≡
∂Lˆ(ψ)
∂
(
DαψA
)DσψA − Lˆ(ψ)δασ . (3.20)
Both of them are differentially conserved
Dαtˆ
α
(s)σ = 0 , (3.21)
Dαtˆ
α
(c)σ = 0 , (3.22)
on the field equations. To construct integral conserved quantities it is necessary to use
Killing vectors of the Minkowski space. Contracting tˆα(s)σ with an each of the 10 Killing
vectors λν one obtains the currents
Iˆµ(s)(λ) ≡ tˆµ(s)νλν , (3.23)
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which are conserved differentially
DαIˆ
α
(s)(λ) ≡ ∂αIˆα(s)(λ) = 0 . (3.24)
The other situation with the canonical energy-momentum tˆα(c)σ. If one tries to contract
it with the 4-rotation Killing vectors, then the correspondent currents, like (3.23), are not
conserved. The reason is that tˆασ(c) is not symmetrical in general. A one of the ways to
construct differentially conserved currents is
Iˆα(c)(λ) ≡ tˆα(c)σλσ + σˆαβ(ψ)σDβλσ (3.25)
where
σˆαβ(ψ)σ ≡ −
∂Lˆ(ψ)
∂
(
DαψA
) ψA∣∣∣β
σ
(3.26)
is a spin density. Another way follows the Belinfante symmetrization [167], who has intro-
duced the antisymmetric in α and β expression
Sˆαβγ(ψ) = σˆ
γ[αβ]
(ψ) + σˆ
α[γβ]
(ψ) − σˆ
β[γα]
(ψ) (3.27)
and has defined the new (symmetrized) energy-momentum tensor density as follows
tˆα(B)σ = tˆ
α
(c)σ +DβSˆ
αβ
(ψ)σ . (3.28)
It is also conserved, Dαtˆα(B)σ = 0, on the equations of motion. Besides, it is symmetrical
on the equations of motion. Then the symmetrized current
Iˆα(B)(λ) ≡ tˆα(B)σλσ (3.29)
is also conserved for all the Killing vectors, i.e. one can use the unique object tˆα(B)σ without
additional quantities, like the spin tensor in (3.25).
For the Minkowski background it is easy to show
tˆα(s)σ = tˆ
α
(c)σ +DβSˆ
αβ
(ψ)σ = tˆ
α
(B)σ (3.30)
on the field equations. Thus the metric energy-momentum (3.19) is equivalent to the Be-
linfante symmetrized quantity (3.28) (in this relation see also [168]), i.e. Iˆµ(s) = Iˆµ(B). Note
also that Iˆµ(s) differs from Iˆ
µ
(c) by a divergence. One can see that the Belinfante proce-
dure suppresses the spin term in the current (3.25). Classical electrodynamics has just the
Lagrangian of the type (3.18), and is a good illustration of the above.
The first example where the Belinfante method was used in GR is the paper by Pa-
papertrou [152]. He has symmetrized the Einstein pseudotensor and obtained his remark-
able superpotential. By the original definition [167] it is necessary to use a background
metric. Thus, Papapetrou used an auxiliary Minkowski metric. Later Berezin [169], in
the framework of the field approach in GR on a flat background, has shown that effective
energy-momentum tensor can be constructed by the Belinfante method. Applications of
the Belinfante method in GR to the pseudotensors without using an auxiliary background
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Figure 3: 4-dimensional volume V4 restricted by a truncated cylinder.
metric [168, 170] lead uniquely to the Einstein tensor. It is important and interesting result.
However, this cannot be useful for description of energy characteristics, e.g., in vacuum
case. Recently Borokhov [171] generalized the Belinfante method for an arbitrary field
theory on arbitrary backgrounds, with arbitrary Killing vectors and with non-minimal cou-
pling. With simplification to minimal coupling his model goes to the standard description
[60, 168, 170].
Denoting Iˆµ(ψ) =
{
Iˆµ(s), Iˆ
µ
(c)
}
consider 4-dimensional volume V4 in the Mikowski space,
the boundary of which consists of timelike “wall” S (cylinder) and two spacelike sections:
Σ0 := t0 = const and Σ1 := t1 = const (see figure 3). Because the conservation laws, like
(3.24), are presented by the scalar densities, they can be integrated through the 4-volume:∫
V4
∂µIˆ
µ
(ψ)(λ)d
4x = 0 . The generalized Gauss theorem gives
∫
Σ1
Iˆ0(ψ)(λ)d
3x−
∫
Σ0
Iˆ0(ψ)(λ)d
3x+
∮
S
Iˆµ(ψ)(λ)dSµ = 0 (3.31)
where dSµ is the element of integration on S. If in Eq. (3.31)∮
S
Iˆµ(ψ)(λ)dSµ = 0 , (3.32)
then the quantity
P(ψ)(λ) =
∫
Σ
Iˆ0(ψ)(λ)d
3x (3.33)
is conserved on Σ restricted by ∂Σ — intersection of Σ with S. If the equality (3.32) does
not hold, then Eq. (3.31) describes changing the quantity (3.33), i.e. its flux trough ∂Σ.
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Due to the difference between Iˆµ(s) and Iˆ
µ
(c) the quantities P(s)(λ) and P(c)(λ) differ one
from another by surface integrals. However, as a rule, boundary conditions suppress these
surface terms, and then P(s)(λ) = P(c)(λ).
Now let us return to pseudotenors and superpotentials. To avoid some problems they
have to be covariantized. Usually a covariantization is carried out by including an auxil-
iary metric of a Minkowski space. After that partial derivatives are related to Lorentzian
coordinates of this flat spacetime. In arbitrary coordinates, partial derivatives naturally
transform into covariant ones. Thus, one can keep in mind that in usual expressions, like
(3.3) in general form, already there exist the Minkowski metric ηµν and its determinant
η ≡ det ηµν = −1. For constructing integral conservation laws based on covariantized
pseudotensors it is also natural to use the Killing vectors of the Minkowski space.
Let us present the program of the covariantization in detail. Consider the generalized
conservation law (3.4) and rewrite it in the equivalent form:
∂µ
[√−η ((θˆµρ + Tˆ µρ )/√−η)λρ(ν)
]
= 0 . (3.34)
Here, the left hand side is a scalar density. The translation Killing vector λρ(ν) of the
background Minkowski space is expressed in the Lorentzian coordinates, therefore one
has λρ(ν) = δ
ρ
ν (the lower index is not coordinate one). Thus, in (3.34) the differentially
conserved vector density (current)
Jˆ µ(λ) ≡ √−η
(
(θˆµρ + Tˆ
µ
ρ )/
√−η
)
λρ(ν) , (3.35)
DµJˆ µ(λ) ≡ ∂µJˆ µ(λ) = 0 (3.36)
is presented. Here, one has to accent that if θˆµν is symmetrical, then the conservation law
(3.36) could be extended for 4-rotation Killing vectors. However, if θˆµν is not symmetrical,
then the simple and direct covariantization is restricted to using only translation Killing
vectors.
Next, as is seen, the programm of constructing integral quantities (3.31) - (3.33) can be
repeated for the covariantized current (3.35). The superpotential in Eq. (3.3) can also be
rewritten in the covariantized form:
Jˆ µα(λ) = √−η
(
Uˆµαρ /
√−η
)
λρ(ν) . (3.37)
Thus the expression (3.3) can be rewritten in a fully covariant form:
Jˆ µ(λ) = ∂αJˆ µα(λ) ≡ DαJˆ µα(λ) (3.38)
that has a sense of the conservation law because Jˆ µα(λ) is an antisymmetric tensor density.
Due to antisymmetry of the superpotential (3.37), the 4-momentum presented in the volume
form, like (3.33), is expressed as a surface integral
P(λ) =
∮
∂Σ
Jˆ 0k(λ)dsk (3.39)
where dsk is the element of integration on ∂Σ.
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Up to now in constructing conservation laws we considered Killing vectors of a back-
ground only. However, other displacement vectors can be used also. Let us give two ex-
amples. First, for study of perturbations on FRW backgrounds a so-called notion of an
integral constraint, which connects a volume integral of only matter perturbations with a
surface integral of only metric perturbations, frequently is very important [172]. With the
use of such constraints, e.g., measurable effects of the cosmic background radiation were
analyzed [173]. In the definition of integral constraints integral constraint vectors, not
necessarily Killing vectors, play a crucial role [172]. Second, in [174], a new conserved
energy-momentum pseudotensor was found and used in an effort to integrate Einstein’s
equations with scalar perturbations and topological defects on FRW backgrounds for a sign
of spatial curvature k = 0. In [175] it was realized that these conservation laws might be
associated with the conformal Killing vector of time translation, and can be also generalized
for k = ±1.
Taking into account the above we formulate the generalized requirements for construct-
ing conservation laws for perturbations on curved backgrounds as follows.
• Expressions have to be covariant on a chosen background and valid for arbitrary
curved backgrounds.
• One has to construct differentially conserved currents (vector densities) Jˆ µ(ξ), such
that ∂µJˆ µ(ξ) = 0, and which are defined by the canonical Nœther procedure applied
to a Lagrangian of a perturbed system.
• The currents have to be expressed through corresponding superpotentials Jˆ µν (an-
tisymmetric tensor densities), such that ∂µν Jˆ µν(ξ) ≡ 0, by the way Jˆ µ(ξ) =
∂ν Jˆ µν(ξ).
• There has to be a possibility to use arbitrary displacement vectors ξµ, not only Killing
vectors of the background.
• Applications of suggested conserved quantities and conservation laws have to satisfy
the known tests (see discussion in subsection 1.2).
3.3 The Katz, Bicˇa´k and Lynden-Bell conservation laws
Katz, Bicˇa´k and Lynden-Bell [176] (later we call as KBL) have satisfied the requirements
at the end of previous subsection. They describe a perturbed system by the Lagrangian:
LˆKBL = LˆE − LˆE − 1
2κ
∂αkˆ
α , (3.40)
see notations in (2.8) and (2.15). In fact they use bimetric formalism, where gµν and gµν
are thought as independent metric coefficients. The gravitational part of (3.40) is
LˆG = − 1
2κ
(
Rˆ− Rˆ+ ∂αkˆα
)
. (3.41)
Here, for the physical scalar curvature density Rˆ an external background metric gµν is
introduced with the use of the presentation for the curvature tensor:
Rλτρσ = Dρ∆
λ
τσ −Dσ∆λτρ +∆λρη∆ητσ −∆λση∆ητρ +Rλτρσ . (3.42)
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It is also very important to note that kˆα is defined in (2.20).
For the Lagrangian (3.41), as for a scalar density, one has the identity:
£ξLˆG + ∂µ
(
ξµLˆG
)
≡ 0 . (3.43)
It is a generalization of Eq. (3.11) for arbitrary displacement vectors ξµ. Consequent iden-
tical transformations give:
∂µˆ
µ ≡ 0 , (3.44)
ˆµ ≡

 ∂LˆG
∂
(
Dµgρσ
)Dνgρσ − LˆGδµν

 ξν − ∂LˆG
∂
(
Dµgρσ
) gρσ|ρλ g¯λσDρξσ
− δLˆG
δgρσ
gρσ|µν ξν −
δLˆG
δgρσ
gρσ
∣∣∣µ
ν
ξν + Zˆµ(c) ≡ 0 . (3.45)
Note that here
− δLˆG
δgρσ
gρσ|µν ξν ≡
1
κ
Gˆµν ξ
ν , − δLˆG
δgρσ
gρσ
∣∣∣µ
ν
ξν ≡ −1
κ
Gˆ
µ
νξ
ν . (3.46)
Then substituting the Einstein equations (2.12) and their barred version into Eq. (3.44) one
obtains the differential conservation law
∂µJˆ
µ
(c)(ξ) = 0 , (3.47)
Jˆµ(c)(ξ) ≡ Θˆµ(c)νξν + σˆµρσDρξσ + Zˆµ(c)(ξ) . (3.48)
The first term in (3.48), the generalized total energy-momentum tensor density, is
Θˆµ(c)ν = tˆ
µ
ν +
(
Tˆ µν − Tˆ
µ
ν
)
+
1
2κ
lˆρσRρσδ
µ
ν , (3.49)
with lˆρσ = gˆρσ − gˆρσ. The first term in Eq. (3.49) is the canonical energy-momentum
tensor density of the gravitational field:
2κtˆµν = gˆ
ρσ
(
∆λρλ∆
µ
σν +∆
µ
ρσ∆
λ
λν − 2∆µρλ∆λσν
)
− gˆρσ
(
∆ηρσ∆
λ
ηλ −∆ηρλ∆λησ
)
δµν + gˆ
µλ
(
∆σρσ∆
ρ
λν −∆σλσ∆ρρν
)
, (3.50)
the second term in Eq. (3.49) is a perturbation of the matter energy-momentum, the third
term describes an interaction with the background. The second term in (3.48) is the spin
tensor density:
2κσˆµρσ ≡ − 2κ ∂LˆG
∂
(
Dµgρσ
) gρσ|ρλ g¯λσ = (gˆµρgσν + gµσ gˆρν − gˆµνgρσ)∆λνλ
− (gˆνρgσλ + gνσ gˆρλ − gˆνλgρσ)∆µνλ . (3.51)
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If one simplifies to a Minkowski background then it is the quantity presented by Papapetrou
[152] to construct angular momentum with the use of the Einstein pseudotensor. The last
term in (3.48) has the form:
Zˆµ(c)(ξ) =
1
2κ
[
lˆµλ∂λζ
ρ
ρ + lˆ
ρσ
(
D
µ
ζρσ − 2Dρζµσ
)]
, (3.52)
with 2ζρσ = −£ξgρσ = 2D(ρξσ). It, thus, disappears if ξµ = λµ is a Killing vector
of the background spacetime. Besides, in this case the part of the second term in (3.48):
σˆµρσD(ρλσ) disappears also.
Because Eq. (3.44) is the identity then the quantity ˆµ(ξ) must be presented through a
superpotential Jˆµν(c)(ξ), thus indeed
ˆµ(ξ) ≡ ∂ν Jˆµν(c)(ξ) , (3.53)
Jˆµν(c)(ξ) ≡
1
κ
(D[µξˆν] −D[µξˆν]) + 1
κ
ξˆ[µkν] . (3.54)
This superpotential has been found earlier independently by Katz for flat backgrounds [137]
and by Chrus´ciel for Ricci-flat backgrounds [177]. However, as it turns out, it has the same
form (3.54) for generally curved backgrounds. Note that the expression (3.54) modifies
the Komar superpotential (3.17). With the use of the Einstein equations, the identity (3.53)
transforms into
Jˆµ(c)(ξ) = ∂ν Jˆ
µν
(c)(ξ) , (3.55)
that is another form of the conservation law (3.47).
Now, let us compare the KBL expressions with the Einstein prescription. For the sim-
plification g¯µν → ηµν the KBL Lagrangian LˆG transforms into the Einstein Lagrangian
(3.5), and the KBL gravitational energy-momentum tˆµν transforms into the Einstein pseu-
dotensor (3.7). Next, if gµν → ηµν and ξν → λν = δν(µ), then the KBL current Jˆµ(c)(ξ)
goes to tˆEµν + Tˆ µν in (3.8), the KBL superpotential Jˆµν(c)(ξ) transforms into the Freud su-
perpotential (3.9). That is generally Eq. (3.55) transforms into Eq. (3.10). However, both
the current and superpotential in Eq. (3.55) are not a simple direct covariantization of the
quantities (3.7) and (3.9). Indeed, first, the KBL expressions hold on arbitrary curved back-
grounds, not only on flat backgrounds in curved coordinates. Second, Jˆµ(c) includes the spin
term (3.51) analogous to the quantity (3.26). It plays its crucial role because then rotation
Killing vectors can be used giving a reasonable definition of angular momentum. Thus the
KBL current gives the right ratio of mass to angular momentum for rotating black hole
solutions.
The KBL approach received a significant development in applications. Thus, in [178,
179] the problem of localization was considered. In [180], the conserved quantities and their
fluxes at null infinity for an isolated sysytem were studied in detail. In the works [175, 181]
perturbations on FRW backgrounds and conservation laws for them were examined. At
last, recently [182] the approach was developed for constructing the conserved charges in
Gauss-Bonnet 5-dimensional cosmology.
The KBL quantities were also checked from the point of view of the problem of unique-
ness. Thus, Julia and Silva [183, 184], and independently Chen and Nester [94], stated that
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the KBL quantities are uniquely defined as associated with the Dirichlet boundary condi-
tions, under which the action with the Lagrangian (3.41) is variated. This gives evident
advantages. Both the Lagrangian (3.41) and the energy-momentum (3.50) have only the
first derivatives. Thus, the Cauchy problem is stated simply.
Keeping in mind successes presented by the KBL approach it is necessary to note the
next generic problem related to the canonical derivation. If one chooses different boundary
conditions, adding different divergences to the Lagrangian, different expressions both for
currents and for superpotentials appear by the Nœther procedure. On the one hand, such a
situation could be useful and interesting in gravitational theory, when analogies, e.g., with
thermodynamics are carried out [95]. On the other hand, it is evident that unique expres-
sions independent on boundary consditions are necessary. As examples, the symmetric
energy-momentum tensor in classical electrodynamics is such a quantity. The expressions
in the field-theoretical formulation of GR are also independent on boundary conditions (see
section 2). In the next subsection we just construct conserved currents and superpotentials
in the framework of the field approach.
3.4 Conserved quantities in the field-theoretical formulation
Already the form of Eq. (3.16) indicates that there is a possible to construct currents and
superpotentials in the framework of the field approach. Recall that for backgrounds pre-
sented by an Einstein space the conservation law (2.67) has a place. Then if the Ein-
stein space has Killing vectors λα one can construct the conserved currents by the same
way as in the usual field theory (3.23). At the same time the left hand sides both of Eq.
(2.66) and of Eq. (2.71) contracted with λµ are presented as divergences of superpotentials
[68, 100, 144]. However, in the general case of a curved background the conservation law
(2.67) has no a place. The reason is that there is no an identical conservation both in Eq.
(2.24): Dν
(
GˆLνµ + Φˆ
Lν
µ
)
6= 0 and in Eq. (2.32): DνGˆLνµ 6= 0. The physical reason is
that the system (2.19) interacts with a complicated background geometry defined by the
background matter fields ΦA.
To construct conserved quantities in the general case we [118] combine the technique
of previous subsection with the results [100]. Therefore, in the framework of the field
approach, we are going to the KBL independent variables of the bimetrical approach by
changing lˆµν → gˆµν − gˆµν . Then the dynamical Lagrangian Lˆg (2.22) transforms into
2κLˆG2. After that we connect it with the KBL Lagrangian LˆG (3.41):
LˆG2 ≡ LˆG − LˆG1 ≡ 1
2κ
gˆµν
(
∆ρµν∆
σ
ρσ −∆ρµσ∆σρν
)
(3.56)
where LˆG1 = −(2κ)−1(gˆµν − gˆµν)Rµν . Returning to the comparison with the Rosen
Lagrangian LˆR [136] we note that LˆG2 is a direct generalization of LˆR to arbitrary back-
grounds, whereas LˆG is reduced to LˆR for the Ricci-flat backgrounds.
Now, consider the identity
£ξLˆG2 + ∂µ(ξµLˆG2) ≡ 0 (3.57)
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for the Lagrangian (3.56) and transform it identically to[
∂LˆG2
∂
(
D¯µgρσ
)Dνgρσ − LˆG2δµν
]
ξν − 2Sˆ µρλ gσλDρξσ
−δLˆG2
δgρσ
gρσ|µν ξν −
δLˆG2
δgρσ
gρσ
∣∣∣µ
ν
ξν ≡ Dν
[
−2Sˆ µνλ ξλ
]
. (3.58)
The quantity
2Sˆ µνλ ≡
∂LˆG2
∂
(
Dµgρσ
) gρσ|νλ + ∂LˆG2
∂
(
∂µgρσ
) gρσ∣∣∣ν
λ
(3.59)
is antisymmetric in µ and ν. Thus on the right hand side of (3.58) the quantity [−2Sˆ µνλ ξλ]
plays the role of a superpotential. Besides, the expression (3.59) is connected with the spin
term (3.51) as
2Sˆ µνλ g
λρ = σˆρ[µν] + σˆµ[ρν] − σˆν[ρµ] . (3.60)
One has also to note that in (3.58)
δLˆG2
δgρσ
gρσ
∣∣∣µ
ν
≡ 1
κ
GˆLµν , (3.61)
it is exactly the expression defined in (2.25) and (2.26).
Now, substitute LˆG2 ≡ LˆG−LˆG1 into Eq. (3.58) and subtract it from the identity (3.53)
where ˆµ is defined in (3.45). Returning to the variables lˆµν : gˆµν − gˆµν → lˆµν , one obtains
the new identity:
1
κ
GˆLµν ξ
ν +
1
κ
lˆµλRλνξ
ν + Zˆµ(s) ≡ Dν Jˆµν(s) (3.62)
with the new superpotential connected with the KBL superpotential Jˆµν(c) given in (3.54) as
Jˆµν(s) ≡ Jˆµν(c) + 2Sˆ µνλ ξλ (3.63)
=
1
κ
lˆρ[µDρξ
ν] + Pˆµνρξρ (3.64)
=
1
κ
(
lˆρ[µDρξ
ν] + ξ[µDσ lˆ
ν]σ − D¯[µlˆν]σ ξσ
)
. (3.65)
For gµν → ηµν and ξρ → λρ = δρ(α) the superpotential Jˆµν(s) transforms into the the Papa-
petrou superpotential (3.15) (see the form (3.64)). The last term on the left hand side of Eq.
(3.62) is connected with the expression (3.52) as
2κZˆµ(s) ≡ 2κ
(
2Sˆ µντ g
τλ +
∂LˆG
∂
(
D¯µgρσ
) gρσ|ντ gλτ
)
ζνλ + 2κZˆ
µ
(c)
= 2
(
ζρσDρlˆ
µ
σ − lˆρσDρζµσ
)
−
(
ζρσD
µ
lˆρσ − lˆρσDµζρσ
)
+
(
lˆµνDνζ
ρ
ρ − ζρρDν lˆµν
)
. (3.66)
The way of constructing (3.56) - (3.62) is natural, but a cumbersome one. Formally,
one concludes that the final identity (3.62) is a result of a difference between identities
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(3.43) and (3.57). Thus, the Nœther procedure could be applied directly to the difference
LˆG − LˆG2 = LˆG1. Indeed, recalculating the identity
£ξLˆG1 + ∂µ(ξµLˆG1) ≡ 0 (3.67)
one obtains directly the identity (3.62). The result is not degenerated because LˆG1 contains
derivatives of the background metric up to the second order.
After substituting the field equations (2.24) into the identity (3.62) one obtains the con-
servation law in the form:
Jˆµ(s) ≡ Θˆµ(s)νξν + Zˆµ(s) = ∂ν Jˆµν(s) (3.68)
where the conserved current Jˆµ(s) is expressed through the superpotential Jˆ
µν
(s) . The general-
ized total energy-momentum tensor density is
Θˆµ(s)ν = tˆ
(tot)µ
ν +
1
κ
(
lˆµλRλν − ΦˆLµν
)
. (3.69)
The role of interaction with the background is played by the term (κ)−1(lˆµλRλν − ΦˆLµν ).
Next, if one uses the form of the field equations (2.32), then (3.69) looks as
Θˆµ(s)ν = tˆ
(eff)µ
ν +
1
κ
lˆµλRλν , (3.70)
and one needs to consider tˆ(eff)µν as the energy-momentum of perturbations and
(κ)−1 lˆµλRλν as the interacting term. It is interesting to note that the form of the energy-
momentum (3.70) is more close to the form of the KBL energy-momentum (3.49). The
other point is that the general term ∼ lˆµλRλν destructs the symmetry of Θˆµν(s).
Let us present also gauge invariance properties of the presented current. Substituting
(2.49) and (2.50) into (3.68) and using the identity (3.62) one obtains for ξα = λα:
Jˆ ′µ(s)(λ) =
Jˆµ(s)(λ) +
1
κ
∂ν
[
(ˆl′ρ[µ − lρ[µ)Dρλν] + λ[µDρ(lˆ′ν]ρ − lˆν]ρ)−D[µ(lˆ′ν]ρ − lˆν]ρ)λρ
]
− 1
κ
λνgµλ
∂gˆ
ρσ
∂gλν
∞∑
k=1
1
k!
£ξ
k

∂gδpi
∂gˆ
ρσ
(
GˆLδpi + Φˆ
L
δpi − κtˆ(tot)δpi
)
− 2κδLˆ
E
δgˆ
ρσ

 , (3.71)
thus Jˆµ(s) is gauge invariant up to a divergence on the dynamic and background equations.
Conserved quantities in Eq. (3.68), like the KBL quantities, satisfy all the requirements
of subsection 3.2. Besides, the field-theoretical derivation has some advantages. First,
the quantities in Eq. (3.68) do not depend on divergences in the dynamical Lagrangian.
Second, the current in Eq. (3.68) is defined by the unique quantity, the generalized energy-
momentum Θµ(s)ν , without a spin term. Third, the conservation law (3.68) explicitly de-
scribes perturbations.
However, the currents and superpotentials in the framework of the field approach bring
in themselves the Boulware-Deser ambiguity defined for the total energy-momentum tensor
Nonlinear Perturbations and Conservation Laws. . . 39
in subsection 2.8. Let us outline this problem in detail. Basing on the Lagrangian (2.78)
one can write out the identity:
1
κ
GˆL(a)µν ξ
ν +
1
κ
lˆµλ(a)Rλνξ
ν + Zˆµ(sa) ≡ ∂ν Jˆµν(sa) . (3.72)
Substituting the field equations (2.80) one obtains
Jˆµ(sa) =
[
tˆ(tot a)µν + κ
−1
(
lˆµλ(a)Rλν − ΦˆLµ(a)ν
)]
ξν + Zˆµ(sa) = ∂ν Jˆ
µν
(sa) (3.73)
where Zˆµ(sa) is defined in (3.66) with exchanging lˆµν by lˆµν(a) (see the definition (2.81)). The
generalized superpotential is
Jˆµν(sa) =
1
κ
(
lˆ
ρ[µ
(a)Dρξ
ν] + ξ[µDσ lˆ
ν]σ
(a) − D¯[µlˆ
ν]
(a)σξ
σ
)
. (3.74)
Thus, taking into account the difference in perturbations (2.82) one obtains an analog of the
Boulware-Deser ambiguity in the definition of the superpotentials:
∆Jˆµν(sa)12 =
1
κ
(
βˆ
ρ[µ
(a)12Dρξ
ν] + ξ[µDσβˆ
ν]σ
(a)12 − D¯[µβˆ
ν]σ
(a)12ξσ
)
. (3.75)
In the next subsection we present arguments to resolve this ambiguity.
3.5 The Belinfante procedure on curved backgrounds
Returning to the problems of the canonical approach (see the end of subsection 3.3) we re-
mark that the classical Belinfante method resolves analogous problems in a canonical field
theory in Minkowski space. Indeed, the Belinfante corrected current (3.29), unlike the cur-
rent (3.25), is presented without a spin term. At the same time the Belinfante symmetrized
energy-momentum is equal to the symmetrical (metric) energy momentum (3.30), and thus
it does not depend on divergences in Lagrangian. Of course, a perturbed system on a curved
background in GR is a more complicated case. However, the KBL model [176] looks an
appropriate one for an application of the Belinfante procedure. Indeed, for a Killing vector
the current Jˆµ(c) in (3.48) has the form (3.25) with the correspondent energy-momentum
Θˆµ(c)ν and spin term σˆ
µρσ
. Thus, it is anticipated that the Belinfante procedure could 1)
resolve the problems of the KBL approach, 2) connect it with the field-theoretical approach
and, consequently, 3) resolve problems of the last also. Therefore, in this subsection, we
generalize the Belinfante method for constructing conservation laws in the perturbed GR
on arbitrary curved backgrounds and following the papers [115, 116] apply it to the KBL
model.
Thus, for the spin tensor density (3.51) with the rules (3.27) we construct the quantity:
Sˆµνρ = −Sˆνµρ = σˆρ[µν] + σˆµ[ρν] − σˆν[ρµ] (3.76)
and present the KBL conservation law (3.53) in the equivalent form:
Jˆµ(c) + ∂ν
(
Sˆµνρξρ
)
= ∂ν
(
Jˆµν(c) + Sˆ
µνρξρ
)
. (3.77)
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Defining the left hand side as a symmetrized current Jˆµ(B) and the right hand side as a
divergence of a superpotential Jˆµν(B), we rewrite (3.77) in the form:
Jˆµ(B) = Θˆ
µ
(B)νξ
ν + Zˆµ(B) = ∂ν Jˆ
µν
(B). (3.78)
Here, the spin term is absent; if ξµ is a Killing vector of the background Z-term disappears;
the symmetrized energy-momentum tensor density has the form:
Θˆµ(B)ν = Θˆ
µ
(c)ν +DρSˆ
µρ
ν . (3.79)
Now, consider properties of Belinfante symmetrized quantities. The symmetrized
energy-momentum tensor density (3.79) has the structure
Θˆµν(B) = tˆ
µν
B + (Tˆ
(µ
ρ g
ν)ρ − Tˆ µν) + 1
2κ
lˆρσRρσg
µν +
1
κ
lˆλ[µR
ν]
λ . (3.80)
Here, the first term is the symmetrical energy-momentum tensor density for the free gravi-
tational field:
κtˆµνB =
1
2
(
lˆµνgρσ − gµν lˆρσ
)
Dσ∆
λ
ρλ
+
(
lˆρσgλ(µ − gρσ lˆλ(µ
)
Dσ∆
ν)
λρ
+ gρσ
(
1
2 gˆ
µν∆λρλ∆
η
ση + gˆ
λη∆
(µ
λρ∆
ν)
ησ
)
+ gρσ
(
∆λση∆
(µ
λρgˆ
ν)η − 2∆λσλ∆(µηρgˆν)η
)
+ 12 gˆ
ληgµν∆σρλ∆
ρ
ση
+ gˆλη
(
∆σρσ∆
(µ
λη −∆σλη∆(µρσ −∆σλρ∆(µησ
)
gν)ρ. (3.81)
The second term in (3.80) is the perturbation of the matter energy-momentum, the third and
fourth terms describe the interaction with the background geometry.
Because the fourth term in (3.80) is antisymmetric, the energy-momentum is symmetric:
Θˆµν(B) = Θˆ
νµ
(B) if and only if Rµν = Λgµν , i.e., for the cases when backgrounds are Einstein
spaces in Petrov’s terminology [143]. Thus, the Belinfante symmetrization is restricted in
the sense of constructing really symmetric quantities. Similary, the differential conservation
law DνΘˆµν(B) = 0 has also a place if and only if backgrounds are Einstein spaces. However,
even on arbitrary curved backgrounds for Killing vectors λµ the current is defined, like
in (3.29): Jˆµ(B) = Θˆµ(B)νλν , and is conserved: ∂µ
(
Θˆµ(B)νλ
ν
)
= 0. Thus both “defects”
compensate one another. This could be useful, e.g., for constructing angular momenta of
relativistic astrophysical objects on a FRW background, which is not an Einstein space, but
which has rotating Killing vectors.
Unlike the KBL quantities, second derivatives of gµν appear in the energy-momentum
tensor density (3.81). This needs some comments also. The canonical energy-momentum
tˆµν , see (3.50), is quadratic in first order derivatives, and this is the normal behaviour of
a conserved quantity relating to initial conditions. Consider the local quantities Jˆµ(B) in
(3.77) and (3.78). Suppose that initial conditions are defined on a hypersurface at a given
time coordinate x0 = const. Then it is important to examine initial conditions for zero’s
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component Jˆ0(B) = Jˆ
0
(c) + ∂k(Sˆ
0kσξσ) only, see Eq. (3.33). Such a form is because Sˆµνσ
is anti-symmetric in the first two indices, see (3.76). Thus since Jˆ0(c) and Sˆ0kσξσ contain
only first order time derivatives, Jˆ0(B) itself contains only first order time derivatives of the
metric and therefore has the normal behaviour with respect to initial conditions. Thus, this
requirement may be unnecessarily restrictive.
Now let us discuss the properties of the quantities in (3.78). Comparing the expressions
in Eqs. (3.60) and (3.76) and definitions in Eqs. (3.63) and (3.77) we find out that the
superpotentials are identical. The same conclusion is related to Z-terms, thus
Jˆµν(B) = Jˆ
µν
(s) , (3.82)
Zˆµ(B) = Zˆ
µ
(s) . (3.83)
Next, taking into account these relations and comparing (3.68) with (3.78) we conclude that
Jˆµ(B) = Jˆ
µ
(s) and, consequently it has to be
Θˆµ(B)ν = Θˆ
µ
(s)ν . (3.84)
Although the structure of these generalized energy-momenta are different, direct calcula-
tions with the use of the field equations also assert the claim (3.84). Thus, on arbitrary
curved background one cannot use separately the energy-momentum of the free gravita-
tional field neither tˆBµν , nor tˆgµν . One needs to use the total energy-momentum tensor den-
sity, which is the same, as is seen from in (3.84).
From all of these one concludes
• The construction of the conservation laws for perturbations on arbitrary curved back-
grounds in GR with the use of the generalized Belinfante symmetrization transforms
the conservation laws of the canonical system into the ones of the field-theoretical
approach. Thus, the Belinfante method is a “bridge” between the canonical Nœther
and the field-theoretical approaches.
In spite of that Eq. (3.84) is an analog of the relation (3.30) in a simple field theory (3.18),
this conclusion is not so evident. Indeed, we cannot apply the Belinfante method only
in the framework of the KBL bimetric system (3.40) because we cannot define a sym-
metrical energy-momentum analogously to (3.19). Really, the variation of the Lagrangian
(3.40) with respect to the background metric gives only the background Einstein equations,
whereas the variation of the Lagrangian (3.41) gives only the non-dynamical background
Einstein tensor. Only a non-trivial connection with the field approach turns out fruitful
leading to (3.82) - (3.84).
Relations (3.82) - (3.84) solve the aforementioned problems of the canonical construc-
tion. Indeed the quantities Θˆµ(B)ν , Zˆ
µ
(B) and Jˆ
µν
(B) are, in fact, the quantities in the field-
theoretical frame and therefore they do not depend on divergences in the Lagrangian. A
direct mathematical substantiation is given in subsection 4.1. Thus we have arrived a one
of desirable results.
Now, return to the ambiguity of the field approach in currents and superpotentials noted
at the end of subsection 3.4. Remark that the KBL approach and the Belinfante symmetriza-
tion do not depend on a choice of the variables, like gµν , gµν ,
√−ggµν , . . ., and uniquely
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lead to the conservation law (3.78). On the other hand, it coincides uniquely with conser-
vation law (3.68) defined by the second decomposition in (2.73). Thus it is a theoretical
argument in favor of a choice lˆµν(a) = lˆ
µν in (2.81). To support this theoretical conclusion
below we present a useful test. Recall that differences between superpotentials in the family
(3.84) appear in the second order. Just the second order is crucial, e.g., in calculations of
energy and its flux [185] at null infinity. As it was checked in [116], only the superpotential
(3.65) from the family (3.75) gives the standard result [185], whereas all the others, e.g.,
the superpotential corresponding to the first decomposition in (2.73) and defined in [68], do
not.
3.6 Applications
The above presented formalism, its technique and expressions (in particular, the energy-
momentum tensor tˆ(tot)µν and its properties, including gauge invariance ones) were used in
various applications in GR. Shortly we note that tˆ(tot)µν was used in development of quantum
mechanics with non-classical gravitational self-interaction [108, 109], in the framework of
which inflation scenario was analyzed [110, 111]. Some other applications are reviewed
below in more detail.
3.6.1 The weakest falloff at spatial infinity
The proof of the positive-energy theorem in [70] - [73] has renewed a great interest to
asymptotically flat spacetimes in GR. In particular, these investigations showed that the
standard asymptotic conditions at spatial infinity (1/r falloff in metric) can be significantly
relaxed (see, e.g., [186] - [189] and references there in). These models are very appropriate
for applications in the framework of the field approach. Indeed, asymptotically a back-
ground is just chosen naturally, it is a Minkowski space at spatial infinity. Gravitational
field at spatial infinity is weak metrical perturbations with respect to this background. We
have done such applications: both in Lagrangian [112] and in Hamiltonian [113] derivation
we examine the weakest asymptotic behaviour at spatial infinity. We consider so-called real
isolated systems, for which all the physical fields are effectively concentrated in a confined
space at finite time intervals, and a falloff of which is invariant under asymptotic Poincare´
transformations.
As an initial falloff we use the standard one: 1/r. Then choosing a background space-
time as the Minkowski space we evaluate a field configuration in the framework of the field
approach. For simplicity it is assumed that a manifold, which globally supports the physical
metric, supports also the auxiliary flat metric. To search for the weakest falloff global con-
served quantities of the isolated system (integrals of motion) are examined. We construct
them in the form of the surface integrals (3.39) with the use of the superpotential defined in
(3.65) and the ten Killing vectors of the Minkowski space.
To find the weakest falloff conditions one uses the gauge invariance properties of the
field formulation of GR in section 2.6. Taking into account the general formula (3.71) for
the current (3.68) we conclude that the integrals of motion are gauge invariant up to surface
term on the solutions of the field equations. Then we search for the weakest falloff for the
gauge potentials ξα and their derivatives which ensure vanishing the non-invariant terms.
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After that we find out the weakest falloff for the gravitational potentials:
lµν = O+(r−ε) +O−(r−δ) ; ε+ δ > 2 , 1 ≥ ε > 1
2
, δ > 1 (3.85)
where (+) and (−) mean even and odd functions with respect to changing sign of the 3-
vector ~n = xk/r. To obtain the simple conclusion that the falloff can be weakened up to
r−1/2 one needs to examine energy and momentum only (see, e.g., [187, 188]). To obtain
the more detailed falloff (3.85) one has to study all the ten integrals of motion. In this re-
lation we remark also the works [186, 189]. In [186] the algebra of asymptotic Poincare´
generators is studied, and in [189] the finiteness of the ADM definition of angular momen-
tum is examined. The result (3.85) based on the gauge invariance requirement coincides
with the results in [186] corrected not significantly, and with the results in [189], if the
last are adopted by some natural requirements (see [112, 113]). Thus the three different
approaches give the same weakest falloff.
Historically, among the ten integrals of motion, not enough attention was payed to the
Lorentzian momentum. In this relation the paper by Regge and Teitelboim [190] who in-
cluded the falloff of odd and even parity, and the paper by Beig and ´OMurchadha [191] who
improved the results of the work [190] were the most important earlier works. Currently
this gap is closing [117], [192] - [194]. In [117] we demonstrate that the quasi-local Brown-
York [79] center of mass integral asymptotically agrees with the one given in [191] and with
the one expressed by the curvature integrals, e.g., in [195]. In [192] the falloff of the grav-
itational potentials is analyzed in n+ 1 dimensions with special attention to the Lorenzian
momentum and matter variables. In [117] and [192] (for n = 3) the falloff exploited by
Beig and ´OMurchadha [191] is used. It is r−1 for the even parity first term and r−δ, δ > 1,
for the next of arbitrary parity term. Comparing with the spectrum of the conditions (3.85)
one finds that this condition corresponds to ε = 1 and δ > 1 in the full spectrum (3.85). As
an example, the other end of the spectrum is ε > 1/2 and δ ≥ 3/2. In [193] and [194], in
the framework of the covariant Hamiltonian approach [94] the quasi-local center of mass
integral in the teleparallel gravity and GR is considered. This approach gives quasi-local 4-
momentum, angular momentum and center of mass integral in the framework of an unique
relativistic invariant (Poincare´ invariant) description.
3.6.2 Closed worlds as gravitational fields
In the paper [101], we show how a closed-world geometry can be viewed as a gravitational
field configuration, superposed on a topologically trivial geometrically flat spacetime. As
seems, it is not very natural. However, we do this without contradictions. The space compo-
nents of this configuration corresponds to a so-called stereographic projection of 3-sphere
S3 onto a flat 3-space E3, when the “south” pole corresponds to the origin of the coordinate
system, whereas the “north” pole is identified with all the points at infinity of E3. Thus, to
make the full identification the “north” pole is “knocked out” of the sphere S3 to simplify
its topology.
The background Minkowski space has an auxiliary character, as it has to be. Formally,
the field configuration is specified in an infinite volume. However, with the use of the phys-
ically reasonable measurements examining light signals in gravitational fields one finds the
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standard volume for S3 (see [1]). By considering the metric relations established through
the physical measurements an observer will infer that homogeneity, an equivalence of ob-
servers at all points of space, has a place.
A picture when topological and geometrical properties are replaced by the properties of
an effective field propagated in a trivial spacetime could be interesting and useful. Thus,
Rubakov and Shaposhnikov [40] have shown that not too energetic scalar particles could
become effectively trapped in a potential well even in a topologically trivial universe, al-
though nontrivial classical solutions would have to be present to play a role of an external
field.
The field configuration presenting the closed world is static and has an asymptotic be-
haviour 1/r2. This ensures zero energy, momentum and angular momentum of the system,
which then could be treated as a microuniverse. Indeed, such characteristics are true for
a Minkowski vacuum where classical fields and particles are absent, and thus an idea of
quantum birth of the universe could be supported.
3.6.3 A point particle in GR
The Schwarzschild solution is the one of the most popular models in GR. Frequently, in
spite of a complicated geometry, it is treated as a point mass solution in GR [1]; currently
the interest to this viewpoint is renewed [196] - [199]. However, if one considers GR in the
usual geometrical description, then this interpretation meets conceptual difficulties (see, for
example, [200] and also [114]).
Except a pure theoretical interest the point particle description could be interesting and
useful for experimental gravity problems. Gravitational wave detectors such as LIGO and
VIRGO will definitely discover gravitational waves from coalescing binary systems com-
prising of compact relativistic objects. Therefore it is necessary to derive equations of mo-
tion of such components, e.g., two black holes. As a rule, at an initial step the black holes
are modeled by point-like particles presented by Dirac’s δ-function. Then consequent post-
Newtonian approximations are used (see, for example, [201, 202] and references therein).
The aforementioned difficulties [200], at least, do not appear in Newtonian gravity.
To describe a point particle one has to assume that the mass distribution has the form
ρ(r) = mδ(r) where δ-function satisfies the ordinary Poisson equation, which in spher-
ical coordinates is
∇2
(
1
r
)
≡
(
d2
dr2
+
2
r
d
dr
)
1
r
= −4πδ(r) . (3.86)
Then, the Newtonian potential φ = m/r satisfies the Newtonian equation in the whole
space including the point r = 0. Besides, the whole mass of the system is defined by
the unique expression
∫
Σ dx
3ρ(r) where both the usual regular distribution and the point
particle density can be integrated providing the standard mass m.
In [114]) we show that, analogously to the Newtonian prescription, the point mass in
GR can be described in a non-contradictory manner in the framework of the field formu-
lation. The Schwarzschild solution was presented as a gravitational field configuration in
a background Minkowski space described in the standard spherical Schwarzschild (static)
coordinates. The concept of Minkowski space was extended from spatial infinity (frame of
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reference of a distant observer) up to the horizon r = rg, and even under the horizon in-
cluding the worldline r = 0 of the true singularity. The configuration satisfies the Einstein
equations at all the points of the Minkowski space, including r = 0, if the operations with
the generalized functions [203] are valid. The energy-momentum tensor was constructed.
Its components are presented by expressions proportional to δ(r) and by free gravitational
field outside r = 0. The picture is clearly interpreted as a point particle distribution in GR.
Indeed, the configuration is essentially presented by δ-function, one can use the volume
integration over the whole Minkowski space and obtain the total energy mc2 in the natural
way. However at r = rg the energy density and other characteristics have discontinuities.
A“visible” boundary between the regions outside and inside the horizon exists and does not
allow to consider an evolution of events continuously.
However, it is not a real singularity. In the field formulation this situation is interpreted
as a “bad” fixing of gauge freedom, which can be improved. That is the break at r = rg can
be countered with the use of an appropriate choice of a flat background, which is determined
by related coordinates for the Schwarzschild solution. At least, the use of the coordinates
without singularities at the horizon could resolve the problem locally at neighborhood of
r = rg. Next, it would be natural to describe the true singularity by the world line r = 0
of the chosen polar coordinates. Besides, it is desirable to have appropriate coordinates, in
which the Schwarzschild solution conserves the form of an asymptotically flat spacetime.
Recently Pitts and Schieve [130] defined and studied properties of a so-called “η-
causality”. Its fulfilment means that the physical light cone is inside the flat light cone
at all the points of the Minkowski space. It is necessary to avoid interpretation difficulties
under the field-theoretical presentation of GR. By this requirement all the causally con-
nected events in the physical spacetime are described by the right causal structure of the
Minkowski space. A related position of the light cones is not gauge invariant. We consider
this requirement only to construct a more convenient in applications and interpretation field
configuration for the Schwarzschild solution. The requirement of the η-causality can be
strengthened by the requirement of a “stable η-causality” [130]. The last means that the
physical light cone has to be strictly inside the flat light cone, and this is important when
quantization problems are under consideration. Indeed, in the case of tangency a field is
on the verge of η-causality violation. Returning to the presentation in the Schwarzschild
coordinates in [114] we note that it does not satisfy the η-causality requirement.
In the paper [120], taking into account the above requirements we have found a desir-
able description. A more appropriate gauge fixing corresponds to the stationary (not static)
coordinates presented in [105, 106] and recently improved in [130]. We consider also the
contracting Eddingtom-Finkenstein coordinates in stationary form [3]. These two coordi-
nate systems belong to a parameterized family where all of systems satisfies all the above
requirements. The transformation
ct′ = ct+ rg ln
∣∣∣∣∣
(
r
rg
− 1
)(
rg
r
)α∣∣∣∣∣ (3.87)
gives just the parameterized by α ∈ [0, 2] family of metrics. The cases α = 1 and α = 0
correspond to the first and to the second examples above. The stable η-causality is not
satisfied with α = 0 at 0 ≤ r ≤ ∞. Thus, all the configurations α ∈ (0, 2] are appropriate
for the study both classical and quantum problems, whereas the case α = 0 could not be
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t00
rg r0
Figure 4: The energy distribution for the field configuration associated with the
Schwarzschild solution. The case: α ∈ (0, 2].
useful for the study quantized fields. Properties of field configurations corresponding to
α ∈ (0, 2] qualitatively are the same as for α = 1. In the terms of the field approach [100],
all the field configurations for α ∈ [0, 2] are connected by gauge transformations and are
physically equivalent.
Both the gravitational potentials and the components of the total energy-momentum
tensor for the field configurations with α ∈ [0, 2] have no a break at r = rg. The energy
distribution is described by the 00-component of the energy-momentum tensor, and for
α ∈ (0, 2] qualitatively is presented on the figure 4. Then the total energy of the system
can be calculated both by the volume integration and by the surface integration over the
2-sphere with r →∞ giving mc2. For the case α = 0 the components of the total energy-
momentum tensor for the field configuration have the simplest form:
ttot00 = mc
2δ(r) ,
ttot11 = −mc2δ(r) ,
ttotAB = −12gABmc2δ(r) . (3.88)
This energy-momentum is concentrated only at r = 0, see the energy distribution on the
figure 5. The other component ttot11 and the angular ones ttotAB formally could be interpreted
as related to the “inner” properties of the point. Indeed, they are proportional only to δ(r)
and, thus, describe the point “inner radial” and “inner tangent” pressure. At last, again the
total energy for (3.88) is mc2.
The field configurations for α ∈ [0, 2] satisfy the Einstein equations (2.66) at all the
points of the Minkowski space including r = 0. Then, keeping in mind the presentations
on the figures 4 and 5 one can conclude that an appropriate description of a point particle in
GR is approached. It is directly and simply continues the Newtonian derivation and, at the
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t00
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Figure 5: The energy distribution for the field configuration associated with the
Schwarzschild solution. The case: α = 0.
same time, does not contradict GR corresponding its principles.
3.6.4 Integral constraints in FRW models
In this subsection we consider the linear perturbations on FRW backgrounds from the point
view of the conservation laws (3.78), or the same (3.68), for the detail calculations see [116].
Write the background metric ds2 in dimensionless coordinates x0 = η, xk as follows [153]:
ds2 = gµνdx
µdxν = a2(η)(dη2 − fkldxkdxl) = a2(η)eµνdxµdxν , (3.89)
a(η) is the scale factor, fkl = δkl+kδkmδlnxmxn(1−kr2)−1, f = det fkl = (1−kr2)−1,
k = 0 or ±1, and r2 = δklxkxl. We define the perturbations by gµν = a2(eµν + h˜µν)
as often used in cosmology (see, e.g., [126, 204]), which are connected with the the usual
definition (2.13) in linear approximation:
lˆµν = a2
√
f(−eµρeνσ + 12eµνeρσ)h˜ρσ . (3.90)
Because the FRW spacetimes are conformal to Minkowski space the conformal Killing
vectors of FRW spacetimes are thus those of Minkowski space written in η, xk coordinates
(see [205] - [207]). There are 15 conformal Killing vectors, ξA, A = 1, 2, . . . , 15, some
of which are pure Killing ones.
These vectors we use as displacement vectors in the expression (3.78). Next, we make
linear combinations of ξA’s with functions of η, say cA(η)ξA. In general the cAξA’s are not
conformal Killing vectors but some linear combinations turn out to be rather simple with
clear physical interpretations in appropriate gauge conditions. Integrating the conservation
law (3.78) we construct the integral relations connecting perturbations inside of a volume
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with perturbations at its surface. Thus we consider a sphere r = const at constant time η
and integrate zero components of (3.78) Jˆ0(B) = ∂lJˆ0l(B) over such a ball. After cumbersome
calculations for perturbations (3.90) one has 15 volume integrals connected with surface
integrals.
Besides the matter perturbations δT 0µ the volume integrands contain two field quantities
Q = δ(−Dµnµ) — the perturbation of the external curvature scalar of η = const, and h˜mm
— the space trace of the metric petrurbations. There are four linear combinations which do
not involve h˜mm; they are associated with some linear combinations of the conformal Killing
vectors, which are just Traschen’s [172] “integral constraint vectors”.
Of course, we must still impose four gauge conditions to fix the mapping of the per-
turbed spacetime onto the background. One gauge condition that simplifies almost all
volume integrands is the “uniform Hubble expansion” gauge Q = 0 discussed, e.g., by
Bardeen [10]. Then, 14 of the 15 volume integrands reduce to linear combinations of δT 0µ
only, and thus the 14 relations present “integral constraints”, among which the 4 are new.
The integrals represent momenta of the matter energy-momentum tensor of order 0, 1 and
2 in powers of xa when k = 0 and with similar interpretations when k = ±1. There re-
mains one integral that contains both δT 0µ and h˜mm: it is related to so-called conformal time
translations for k = ±1 or to so-called time accelerations for k = 0.
Another gauge condition often used (see, e.g., [204]) is ∇lh˜lk
T
= 0 in which h˜lk
T
is the
traceless part of h˜lk; these gauges remove the longitudinal modes of the gravitational waves.
Combining ∇lh˜lk
T
= 0 with Q = 0 one finds four relations that are independent of the
gravitational radiation.
4 D-dimensional metric theories of gravity
As was discussed in Introduction, multidimensional gravitational models become more and
more popular, their solutions (for example, generalized p-branes and brane-world black
hole solutions [208] - [211]) induce an arising interest. Other generalizations, say, scalar-
tensor theories of gravity [212], are developed intensively also. In this section, keeping
in mind such generalizations we construct a perturbed scheme and conservation laws for
perturbations in a generic metric theory. The presentation is based on the works [103, 104,
119, 121]. Besides, here the approach is presented in the united scheme, and more details
are given.
4.1 The main identities
In this subsection, we present necessary identities and stress their important properties. Let
the system of fields, set of tensor densities QA, be described by the Lagrangian
Lˆ = Lˆ(QA;QA,α;QA,αβ) (4.1)
including derivatives up to the second order. We assume that it is an arbitrary metric theory
of gravity in D dimensions with the generalized gravitational variables (ga,ΨB) and the
matter sources ΦC . Thus QA = {(ga,ΨB), ΦC}; the variables ΨB are included keeping
in mind, say, scalar-tensor or vector-tensor theories; the metric variables ga are thought
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as defined in (2.74), only in D dimensions. Then we include gµν as usual. The ordinary
derivatives ∂α are rewritten over the covariant Dα ones by changing QB,τ ≡ DτQB −
Γ
σ
τρ QB |ρσ. Then the Lagrangian (4.1) takes an explicitly covariant form:
Lˆ = Lˆc = Lˆc(QB ;DαQB ;DβDαQB) . (4.2)
After that indexes are shifted by gµν and gµν .
Now we use the standard technique (see, for example, [140]). For the Lagrangian (4.2),
as a scalar density, we write out again the identity: £ξLˆc + (ξαLˆc),α ≡ 0, which can be
rewritten in the form:
−
[
δLˆc
δQB
DαQB +Dβ
(
δLˆc
δQB
QB|βα
)]
ξα+Dα
[
uˆασξ
σ + mˆατσ Dτξ
σ + nˆατβσ DβDτ ξ
σ
]
≡ 0 .
(4.3)
In (4.3), the coefficients are defined by the Lagrangian in unique way:
uˆασ ≡ Lˆcδασ +
δLˆc
δQB
QB |ασ −
[
∂Lˆc
∂(DαQB)
−Dβ
(
∂Lˆc
∂(DβDαQB)
)]
DσQB
− ∂Lˆc
∂(DβDαQB)
DσDβQB − nˆατβλ R
λ
τβσ , (4.4)
mˆατσ ≡
[
∂Lˆc
∂(DαQB)
−Dβ
(
∂Lˆc
∂(DβDαQB)
)]
QB |τσ
− ∂Lˆc
∂(DτDαQB)
DσQB +
∂Lˆc
∂(DβDαQB)
Dβ(QB |τσ) , (4.5)
nˆατβσ ≡ 12
[
∂Lˆc
∂(DβDαQB)
QB |τσ +
∂Lˆc
∂(DτDαQB)
QB|βσ
]
. (4.6)
The coefficient at ξσ in the first term in (4.3) is identically equal to zero (generalized
Bianchi identity). Thus the identity (4.3) has the form of the differential conservation law:
Dαıˆ
α ≡ ∂α ıˆα ≡ 0 (4.7)
with a generalized current
ıˆα ≡ −
[
uˆασξ
σ + mˆατσ Dτξ
σ + nˆατβσ DβDτξ
σ
]
. (4.8)
We also use the helpful form:
ıˆα ≡ −
[
(uˆασ + nˆ
αβγ
λ R
λ
βγσ)ξ
σ + mˆαβσ g¯
σρ∂[βξρ] + zˆ
α
]
(4.9)
with z-term defined as
zˆα(ξ) ≡ mˆαβσ ζσβ + nˆαβγσ gσρ
(
2Dγζβρ −Dρζβγ
)
. (4.10)
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Again, if ξα = λα, then zˆα = 0 and the current (4.9) is determined by the energy-
momentum (u + nR)-term and the spin m-term. Opening the identity (4.7) and, since ξσ,
∂αξ
σ
, ∂βαξ
σ and ∂γβαξσ are arbitrary at every world point, equating independently to zero
the coefficients at ξσ, Dαξσ, D(βα)ξσ and D(γβα)ξσ we get a “cascade” (in terminology by
Julia and Silva [183]) of identities:
Dαuˆ
α
σ +
1
2mˆ
αρ
λ R
λ
σ ρα +
1
3 nˆ
αργ
λ DγR
λ
σ ρα ≡ 0,
uˆασ +Dλmˆ
λα
σ + nˆ
ταρ
λ R
λ
σ ρτ +
2
3 nˆ
λτρ
σ R
α
τρλ ≡ 0,
mˆ(αβ)σ +Dλnˆ
λ(αβ)
σ ≡ 0,
nˆ(αβγ)σ ≡ 0. (4.11)
The above constructions are the generalization to arbitrary curved backgrounds of the ex-
pressions given by Mitzkevich [140].
Since Eq. (4.7) is identically satisfied, the current (4.9) must be a divergence of a
superpotential ıˆαβ , for which ∂βαıˆαβ ≡ 0, that is
ıˆα ≡ Dβ ıˆαβ ≡ ∂β ıˆαβ . (4.12)
Indeed, substituting uˆασ and mˆαβσ from Eqs. (4.11) directly into the current and using alge-
braic properties of nαβγσ and R
α
βρσ, and the third identity in Eqs. (4.11) we reconstruct (4.9)
into the form (4.12) where the superpotential is
ıˆαβ ≡
(
2
3Dλnˆ
[αβ]λ
σ − mˆ[αβ]σ
)
ξσ − 43 nˆ[αβ]λσ Dλξσ. (4.13)
It is explicitly antisymmetric in α and β. Of course, Eq. (4.12) has also a sense of the
differential conservation law Eq. (4.7).
Let us find contributions into currents and superpotentials from a divergence in the
Lagrangian δdLˆc = div = dˆν ,ν . For the scalar density dˆν ,ν one has the identity (£ξdˆα +
ξαdˆν ,ν),α ≡ 0, which gives contributions δd ıˆα into the current (4.8) and δd ıˆαβ into the
superpotential (4.13). The additional quantities are
δduˆ
α
σ = 2Dβ(δ
[α
σ dˆ
β]) , (4.14)
δdmˆ
αβ
σ = 2δ
[α
σ dˆ
β] , (4.15)
δdnˆ
αβγ
σ = 0 , (4.16)
δd ıˆ
αβ = −2ξ[αdˆβ] . (4.17)
Then, for Lˆc → Lˆc + δdLˆc Eq. (4.12) changes as
ıˆα + δd ıˆ
α ≡ Dβ
(
ıˆαβ + δd ıˆ
αβ
)
, (4.18)
where the changes do not depend on a structure of dˆν .
Next, using the general Belinfante rule (3.27) we define a tensor density
sˆαβσ ≡ −sˆβασ ≡ −mˆσ[αλ g¯β]λ − mˆα[σλ g¯β]λ + mˆβ[σλ g¯α]λ , (4.19)
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add Dβ(sˆαβσξσ) to both sides of (4.12), and obtain a new identity:
ıˆαB ≡ Dβ ıˆαβB ≡ ∂β ıˆαβB . (4.20)
This modification cancels the spin term from the current (4.9):
ıˆαB ≡
(
−uˆασ − nˆαβγλ R
λ
βγσ +Dβ sˆ
αβ
σ
)
ξσ + zˆαB(ξ) ≡ uˆαBσξσ + zˆαB(ξ), (4.21)
and a new z-term disappears also on Killing vectors of the background:
zˆαB(ξ) =
(
g¯λτ mˆβαλ + mˆ
ατ
λ g¯
βλ − mˆτβλ g¯αλ
)
ζτβ + nˆ
ατβ
λ
(
2D(βζ
λ
τ) −Dσζβτ g¯λσ
)
. (4.22)
Thus, the current iˆαB is defined, in fact, by the modified energy-momentum tensor density
uˆαBσ. Because the new superpotential depends on the n-coefficients only:
iˆαβB ≡ 2
(
1
3Dρnˆ
[αβ]ρ
σ +Dτ nˆ
τρ[α
λ g¯
β]λg¯ρσ
)
ξσ − 43 nˆ[αβ]λσ Dλξσ, (4.23)
then due to the definition (4.6) it vanishes for Lagrangians with only the first order deriva-
tives. On the other hand, the superpotential (4.23) is well adapted to theories with second
derivatives in Lagrangians, like GR or the Einstein-Gauss-Bonnet gravity. It is also impor-
tant to note that for the superpotentials (4.13) and (4.23) their forms do not depend explicitly
on a dimension D; the same property is related to the Deser and Tekin superpotentials [75].
It is important to note that the Belinfante procedure applied to (4.18) cancels the quanti-
ties δd ıˆα and δdıˆαβ and gives again (4.20). Let us show this. The quantity (4.19) constructed
for δdmˆαβσ in (4.15) gives
δdsˆ
αβσξσ = 2ξ
[αdˆβ] . (4.24)
Then, adding Dβ(sˆαβσξσ + δdsˆαβσξσ) to Eq. (4.18) one cancels completely the spin term
and suppresses δduˆασ and δd ıˆαβ . Indeed, combining (4.14) and (4.17) with (4.24) one has
δduˆ
α
σ − Dβ(δdsˆαβρg¯ρσ) = 0 and δdıˆαβ + δdsˆαβσξσ = 0 for an arbitrary dˆν . This just
supports the claim that Jˆµ(B), Θˆ
µ
(B)ν and Jˆµν(B) in (3.78) are independent on divergences.
4.2 The field-theoretical formulation for perturbations
In this subsection, following the method of section 2 we develop a perturbed derivation.
The field equations corresponding to the system (4.1) are derived as usual:
δLˆ/δQA = 0 . (4.25)
Let us decompose QA onto the background part QA and the dynamic part qA:
QA = Q
A
+ qA . (4.26)
The background fields satisfy the background equations
δLˆ/δQA = 0 (4.27)
52 A.N. Petrov
where Lˆ = Lˆ(Q). Taking into account the form of the Lagrangian (2.19) (or (2.78)) we
will describe the perturbed system by the Lagrangian
Lˆdyn(Q, q) = Lˆ(Q+ q)− qA δLˆ
δQ
A
− Lˆ+ div (4.28)
instead of the original Lagrangian Lˆ(Q) = Lˆ(Q+ q). As before, the background equations
should not be taken into account before variation of Lˆdyn(Q, q) with respect to QA. Using
the evident property δLˆ(Q+ q)/δQA = δLˆ(Q+ q)/δqA, the equations of motion related
to the Lagrangian (4.28) are presented as
δLˆdyn
δqA
=
δ
δQ
A
[
Lˆ(Q+ q)− Lˆ
]
= 0 . (4.29)
It is clear that they are equivalent to the equations (4.25) if the background equations (4.27)
hold.
Defining the “background current”
tqA ≡
δLˆdyn
δQ
A
=
δLˆdyn
δqA
− δ
δQ
A
qB
δLˆ
δQ
B
(4.30)
and combining this expression with (4.29) one obtains another form for the equation (4.29):
GLqA +Φ
Lq
A ≡ −
δ
δQ
A
qB
δLˆ
δQ
B
= tqA . (4.31)
The left hand side in (4.31) is a linear perturbation of the expression δLˆ/δQA in (4.25),
GLA is a pure gravitational part. Really gravitational variables ga and ΨB have a different
nature. Conservation laws are connected with symmetries of a geometry related directly to
ga, not with ΨB. Thus, we will consider ΨB as included in ΦB, setting thus in calculations
ΨB = 0 and QA = {ga, ΦB}. Later we will consider the lagrangian
Lˆ = LˆDg(ga) + LˆDm(ga,ΦB) (4.32)
with the pure metric gravitational part LˆDg. Then the equations (4.30) are separated into
gravitational and matter parts as follows
GLqa +Φ
Lq
a ≡ −
δ
δga
qB
δLˆ
δQ
B
= tqa , (4.33)
ΦLqC ≡ −
δ
δΦ
C
qB
δLˆDm
δQ
B
= tqC . (4.34)
As is seen, the form of the perturbed equations (4.31), (4.33) and (4.34) is a quite universal
form with the “background current” as a source on the right hand side. Contracting (4.33)
with 2∂ga/gµν one obtains
GˆLqµν + Φˆ
Lq
µν = tˆ
q
µν (4.35)
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where the linear operator is defined as
GˆLqµν + Φˆ
Lq
µν ≡ −2
δ
δgµν

lˆαβ(a) δLˆDg
δgˆ
αβ
+ qB
δLˆDm
δQ
B

 (4.36)
with independent gravitational variables lˆαβ(a) defined as in (2.81). The right hand side in
(4.35) is defined by variation of (4.28)
tˆqµν ≡ 2
δLˆdyn(Q, q)
δgµν
(4.37)
and is the generalized symmetric energy-momentum.
The equations (4.35) generalize the equations of GR (2.24), they generalize also the
Deser-Tekin equations [75, 213, 214] constructed for the quadratic theories by direct cal-
culations. Below we will show that for the vacuum backgrounds (when ΦˆLqµν = 0)
D
µ
GˆLqµν ≡ 0, and thus the energy momentum tensor tˆqµν is differentially conserved, like
in the Petrov spaces (2.67) in GR. The presented here model has the same properties for ex-
pansions as was described in subsection 2.5 and the same gauge properties as was described
in detail in subsection 2.6.
4.3 Currents and superpotentials in the field formulation
In the recent series of the current works [75, 76, 213, 214] Deser with coauthors develop
a construction of conserved charges for perturbations about vacua in metric quadratic (in
curvature) gravity theories in D dimensions. They apply the Abbott and Deser procedure
[68] and develop it. The aim of the present subsection is to suggest an approach, which gen-
eralizes the Deser and Tekin constructions. We construct conserved currents and superpo-
tentials corresponding to the equations (4.35) derived for an arbitrary metrical gravitational
theory, and not only on a vacuum background. Below taking into account the definition
of the gravitational part of linear operator (4.36) we demonstrate that conserved quantities
of the system and their properties can be obtained and described analyzing only the scalar
density Lˆ1 ≡ lˆαβ(a)(δLˆDg/δgˆ
αβ
), which is the gravitational part of second term in the La-
grangian (4.28). As an important case we consider explicitly only such theories where Lˆ1
has derivatives not higher than of second order, like the Einstein-Gauss-Bonnet gravity. In
principle, our results can be repeated when Lˆ1 has derivatives of higher orders, like in [75].
Keeping in mind that Lˆ1 is the scalar density we again follow the standard technique
and use the results of the subsection 4.1, which are universal. One transforms the identity
£ξLˆ1 + ∂α(ξαLˆ1) ≡ 0 into the identity:
Dµıˆ
µ
1 ≡ ∂µ ıˆµ1 ≡ 0 (4.38)
where
ıˆµ1 ≡ −

Lˆ1ξµ + ξν lˆρσ(a)
∣∣∣µ
ν
δLˆDg
δgˆ
ρσ + 2ξ
σ δLˆ1
δgρσ
gρµ

+ Zˆµ(s) , (4.39)
Zˆµ(s) ≡ 2
∂Lˆ1
∂gρσ,µν
Dνζρσ − 2ζρσDν ∂Lˆ1
∂gρσ,µν
. (4.40)
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It is just the current (4.8) for the Lagrangian Lˆ1.
In the case of a vacuum background one has δLˆDg/δgˆρσ = 0 and Lˆ1 = 0. Then
assuming arbitrary Killing vectors ξα = λα one transforms the identity (4.38) into
Dµ
(
δLˆ1
δgµν
)
≡ Dµ

 δ
δgµν
lˆαβ(a)
δLˆDg
δgˆ
αβ

 ≡ 0 . (4.41)
Recalling that for the vacuum case ΦˆLqµν = 0 and taking into account the identity (4.41)
with the definition (4.36) in the equations (4.35) one gets Dµtˆµνq = 0. This generalizes the
results in [213, 75] for the quadratic theories. Recall also that in the Lagrangian (2.69) Λ-
term was interpreted as “degenerated” matter, then with this assumption the identity (2.72)
has been approached. However, the Lagrangian (2.69) fully is, of course, a kind of metric
Lagrangians, therefore the identity (2.72) also is interpreted in the terms of the general
formula (4.41).
Again, because (4.38) is the identity the current ıˆµ1 has to be presented through a di-
vergence of a superpotential. To construct the last we use the results of the subsection 4.1
adopted for the Lagrangian Lˆ1. We set gµν → gµν and construct the coefficients (4.5) -
(4.6) with Lˆ1 = Lˆ1(Q; ∂µQ; ∂µνQ) ≡ Lˆc1(Q; DµQ; DµνQ), where QA = {lˆµνa , gµν}.
Then we go back, gµν → gµν , and obtain simple expressions
mˆ1σ
µν = 2Dλ
(
∂Lˆ1
∂gρν,µλ
)
gρσ , nˆ
λµν
1σ = −2
∂Lˆ1
∂gρ(µ,ν)λ
gρσ . (4.42)
Then, substituting these into the expression (4.13) we can define the superpotential Iˆµν(s),
which is evidently linear in lˆµν(a). In the case of the Einstein gravity it is the superpotential
(3.74). Thus, we have the identity
ıˆµ1 ≡ ∂ν Iˆµν(s) , (4.43)
which generalizes the identity (3.72) and the superpotential has the form:
Iˆαβ(s) ≡
(
2
3Dλnˆ
[αβ]λ
1σ − mˆ[αβ]1σ
)
ξσ − 43 nˆ
[αβ]λ
1σ Dλξ
σ. (4.44)
Using in (4.39) the field equations in the form (4.35) and the definition (4.36) we write
out the physically real current: ıˆµ1 → Iˆµ(s):
Iˆµ(s) ≡ Tˆ µ(s)νξν + Zˆµ(s) (4.45)
where the generalized energy-momentum is
Tˆ µ(s)ν ≡
(
tˆµqν − ΦˆµLqν
)
−

δµν lˆρσ(a) δLˆDgδgˆρσ + lˆρσ(a)
∣∣∣µ
ν
δLˆDg
δgˆ
ρσ

 . (4.46)
Thus finally the identity (4.43) transforms to the conservation law:
Iˆµ(s) = ∂ν Iˆµν(s) . (4.47)
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The expressions (4.45) and (4.46) are based on the symmetrical energy-momentum
(4.37) and generalize the correspondent expressions in GR: (3.68) and (3.69), therefore
we choose the subscript “(s)”. Thus, this subsection, generalizing the results of the subsec-
tion 3.4 develop the idea to use the identity (3.67) in GR. The expression (4.47), on the one
hand, generalizes the conservation law (3.73) in GR, on the other hand, it generalizes the
Deser-Tekin expressions [75, 213, 214]. In the case of a vacuum background and using the
Killing vectors ξα = λα one has for the current
Iˆµ(s) = tˆµqνλν , (4.48)
that also is in correspondence with the general definition (3.23) in a field theory.
4.4 Canonical Nœther and Belinfante symmetrized currents and
superpotentials
The expressions presented in subsection 4.1 are maximally adopted to construct both
Noether canonical conserved quantities in the framework of the bimetric formulation and
Belinfante corrected quantities. To construct such quantities one has to consider a pure met-
ric part LˆDg of the Lagrangian (4.32). At the beginning we construct the Nœther canonical
quantities. We construct the corresponding to LˆDg coefficients (4.4) - (4.6), uˆαgσ, mˆαβgσ ,
nˆαβγgσ , with the use of which we present the related identity (4.12):
ıˆαg ≡ ∂β ıˆαβg . (4.49)
Next, following to the KBL ideology (3.41) we construct a metric Lagrangian for the per-
turbed system:
LˆDG = LˆDg − LˆDg + ∂αdˆα . (4.50)
Then, we apply the barred procedure to the identity (4.49) and take into account the diver-
gence keeping in mind (4.14) - (4.18). As a result we obtain the identity corresponding to
(4.50):
ıˆαg − ıˆαg + δdıˆαg ≡ Dβ
[
ıˆαβg (ξ)− ıˆαβg (ξ) + δdıˆαβg (ξ)
]
. (4.51)
After substituting the dynamical equations (4.25) and the background equations (4.27)
in the form
δLˆDg
δga
= −δLˆDm
δga
, (4.52)
δLˆDg
δga
= −δLˆDm
δga
(4.53)
into uˆαgσ and uˆ
α
gσ one obtains Uˆαgσ and Uˆ
α
gσ, respectively. Then the identity (4.51) transforms
into a real conservation law:
Iˆα(c)(ξ) = ∂βIˆαβ(c) (ξ) . (4.54)
The left hand side (current), in correspondence with (4.9), is
Iˆα(c)(ξ) ≡ Tˆ ασ(c)ξσ + Sˆαβρ(c) ∂[βξρ] + Zˆα(c)(ξ) (4.55)
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where the generalized canonical energy-momentum, spin and Z-term are
Tˆ ασ(c) ≡ −
[(
δUˆαgσ + 2Dβ(δ
[α
σ dˆ
β])
)
+ δnˆαβγgλ R
λ
βγσ
]
(4.56)
Sˆαρβ(c) ≡ δmˆαβgσ + 2δ[ασ dˆβ]g¯σρ (4.57)
Zˆα(c)(ξ) ≡ −
(
δzˆαg + 2δ
[α
σ dˆ
β]ζσβ
)
. (4.58)
A more detailed expression for the superpotential is
Iˆαβ(c) (ξ) ≡ ıˆαβg (ξ)− ıˆαβg (ξ) + δd ıˆαβg (ξ)
=
(
2
3Dλδnˆ
[αβ]λ
σ − δmˆ[αβ]σ
)
ξσ − 43δnˆ[αβ]λgσ Dλξσ − 2ξ[αdˆβ] . (4.59)
Here the perturbed expressions are used:
δUˆαgσ = Uˆ
α
gσ − Uˆ
α
gσ , (4.60)
δmˆαβgσ = mˆ
αβ
gσ − mˆαβgσ , (4.61)
δnˆλαβgσ = nˆ
λαβ
gσ − nˆλαβgσ . (4.62)
The perturbation δzˆαg is defined by the the definition (4.10) and by the perturbations (4.61)
and (4.62). Of course, if a displacement vector is a Killing vector in the background space-
time then Zˆα(c) disappears. In the case of GR the conservation law (4.54) goes to the KBL
conservation law (3.55), if dˆα is defined as kˆα in (2.20).
The presented here procedure gives well defined currents and superpotentials in the
following sense. Without changing the identity (4.7) one can add to the current an arbitrary
quantity ∆ıˆα(ξ) satisfying [∆ıˆα(ξ)],α ≡ 0. Analogously, without changing ıˆα in (4.12)
the superpotential can be added by ∆ıˆαβ(ξ) with the property [∆ıˆαβ(ξ)],β ≡ 0. However,
the “broken” current and superpotential can be “restored” by the same way because the
quantities ∆ıˆα(ξ) and ∆ıˆαβ(ξ) are not connected at all with the procedure applied to the
given Lagrangian in a non-explicit form. Whereas, in the sense of the procedure, the current
and the superpotential in Eq. (4.12) are given by the coefficients (4.4) - (4.6) uniquely
defined by the Lagrangian. This claim develops also the criteria by Szabados [168] who
suggested to consider a connection of pseudotensors with Lagrangians “as a selection rule
to choose from the mathematically possible pseudotensors”. Thus one can assert that the
current and superpotential in (4.54) are defined by the unique way in the above sense. Of
course, the same claim is related to the KBL quantities in (3.55). They uniquely are defined
by the Lagrangian (3.41) in the sense of the Nœther procedure.
To construct the Belinfante corrected conserved quantities for the perturbed system
(4.50) we again turn to subsection 4.1. For the coefficients uˆαgσ, mˆαβgσ and nˆαβγgσ we con-
struct the identity (4.20) and subtract the same barred identity
ıˆαgB − ıˆαgB ≡ Dβ
[
ıˆαβgB(ξ)− ıˆαβgB(ξ)
]
. (4.63)
After substitution the equations (4.52) and (4.53) into the left hand side of (4.63) one gets
the conservation law:
Iˆα(B)(ξ) = ∂βIˆαβ(B)(ξ) . (4.64)
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The current is
Iˆα(B) ≡ Tˆ ασ(B)ξσ + Zˆα(B)(ξ) . (4.65)
where the Belinfante corrected energy-momentum and Z-term are
Tˆ ασ(B) ≡ −δUˆαgσ − δnˆαβγgλ R
λ
βγσ +Dβδsˆ
αβ
g σ , (4.66)
Zˆα(B)(ξ) ≡ δzˆαgB(ξ) . (4.67)
The perturbations δzˆαgB and δsˆαβg σ in (4.65) are defined by the definitions (4.22) and (4.19)
and by the perturbations (4.61) and (4.62). A detailed expression for the superpotential is
Iˆαβ(B)(ξ) ≡ ıˆαβgB(ξ)− ıˆαβgB(ξ)
= 2
(
1
3Dρδnˆ
[αβ]ρ
gσ +Dτ δnˆ
τρ[α
gλ g¯
β]λg¯ρσ
)
ξσ − 43δnˆ[αβ]λgσ Dλξσ . (4.68)
In the case of GR the conservation law (4.64) goes to the Belinfante corrected conservation
law (3.78). We conclude also that in the sense of the united Nœther-Belinfante procedure
the current and the superpotential in (4.64) are defined in unique way by the Lagrangian
(4.50).
Now, rewrite the conservation laws (4.47), (4.54) and (4.64) in the united form:
IˆαD(ξ) = ∂β IˆαβD (ξ) . (4.69)
This allows us to construct the conserved charges in generalized form in D-dimensions:
P(ξ) =
∫
Σ
dD−1x Iˆ0D(ξ) =
∮
∂Σ
dSi Iˆ0iD (ξ) (4.70)
where Σ is a spatial (D − 1) hypersurface x0 = const and ∂Σ is its (D − 2) dimensional
boundary.
4.5 The Einstein-Gauss-Bonnet gravity.
The mass of the Schwarzschild-anti-de Sitter black hole
To illustrate the above theoretical results we apply them to the Einstein-Gauss-Bonnet
(EGB) gravity. The action of the Einstein D-dimensional theory with a bare cosmologi-
cal term Λ0 corrected by the Gauss-Bonnet term (see, for example, [75]) is
S =
∫
dDx
{
LˆEGB + LDm
}
=
∫
dDx
{
−
√−g
2
[
κ−1(R− 2Λ0) + γ
(
R2µνρσ− 4R2µν +R2
)]
+ LDm
}
(4.71)
where κ = 2ΩD−2GD > 0 and γ > 0; GD is the D-dimension Newton’s constant. The
equations of motion that follow from (4.71) are
Eˆµν = Tˆ µν . (4.72)
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The metric part is defined as
Eˆµν ≡ δ
δgµν
LˆEGB ≡
√−g
2
{
1
κ
(
Rµν − 12gµνR+ gµνΛ0
)
+ 2γ [RRµν − 2RµσνρRσρ +RµσρτRσνρτ − 2RµσRσν
− 14gµν
(
R2τλρσ − 4R2ρσ +R2
)]}
, (4.73)
In the vacuum case, T µν = 0, and the equations are
Eˆµν = 0 . (4.74)
In the present subsection, as a background we consider the AdS solution, which is a
solution to the equations (4.74) and is described by the metric:
ds2 = −(1 + f)dt2 + (1 + f)−1dr2 + r2
D−2∑
a,b
qabdx
adxb . (4.75)
The last term describes (D − 2)-dimensional sphere of the radius r, and qab depends on
coordinates on the sphere only; for the other components g00 = −(1 + f) and g11 =
(1 + f)−1 where
f(r) = −r2 2Λeff
(D − 1)(D − 2) . (4.76)
The background Christoffel symbols corresponding (4.75) are
Γ
1
00 =
1
2(1 + f) f
′
, Γ
0
10 =
f
′
2(1 + f)
, Γ
1
11 = −
f
′
2(1 + f)
,
Γ
a
1b =
1
r
δab , Γ
1
ab = −r (1 + f)qab . (4.77)
The effective cosmological constant (see [75]):
Λeff =
ΛEGB
2
(
1±
√
1− 4Λ0
ΛEGB
)
(4.78)
is the solution of the equation Λ2eff − ΛeffΛEGB + ΛEGBΛ0 = 0, where
ΛEGB = − (D − 2)(D − 1)
2κγ(D − 4)(D − 3) (4.79)
is defined only by the Gauss-Bonnet term. Thus Λeff is negative, and the background
Riemannian, Ricci tensors and curvature scalar are
Rµανβ = 2Λeff
(gµνgαβ − gµβgνα)
(D − 2)(D − 1) , Rµν = 2Λeff
gµν
D − 2 , R = 2Λeff
D
D − 2 .
(4.80)
Then equations (4.74) are transformed into
Rµν − 12gµνR+Λeffgµν = 0 . (4.81)
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The Schwarzschild-AdS (S-AdS) solution [215] can be also considered as a solution to
(4.74):
ds2 = −(1 + f)dt2 + (1 + f)−1dr2 + r2
D−2∑
a,b
qabdx
adxb (4.82)
where
f(r) =
r2
2κγ(D − 3)(D − 4)

1±
√
1− 4Λ0
ΛEGB
+ 4κγ(D − 3)(D − 4)r
D−3
0
rD−1

 .
(4.83)
For the metrics (4.75) and (4.82) the relation −g = −g = rD−2 det qab has a place and
is important for future calculations. The Riemannian, Ricci tensors and curvature scalar
corresponding to (4.82) are
R0101 =
1
2f
′′ , R0a0b =
1
2r(1 + f)f
′qab , R1a1b = − rf
′
2(1 + f)
qab ,
Rabcd = −r2f(qacqbd − qadqbc) ; (4.84)
R00 =
1 + f
2
(
f ′′ + f ′
D − 2
r
)
, R11 = − 1
2(1 + f)
(
f ′′ + f ′
D − 2
r
)
,
Rab = −
[
f(D − 3) + rf ′] qab ; (4.85)
R = −
(
f ′′ + f ′
D − 2
r
)
− D − 2
r2
[
f(D − 3) + rf ′] . (4.86)
Of course, the barred solution (4.82) goes to (4.75), and the barred expressions (4.84) -
(4.86) go to (4.80). It is evidently, in the case of the solutions (4.75) and (4.82) perturbations
can be described only by ∆f = f − f . In linear approximation it is
∆f = ±
(√
1− 4Λ0
ΛEGB
)−1 (
r0
r
)D−3
. (4.87)
4.5.1 The field-theoretical prescription
Here, we turn to the results of subsection 4.3. To concretize and to have a possibility to
compare with [75], we define the gravitational perturbations from the set ha, like in (2.77),
as hαβ = gαβ − gαβ . Thus Lˆ1 = LˆEGB1 = hαβ(δLˆEGB/δgαβ) = hαβ Eˆ
αβ
, where Eˆαβ is
the barred expression (4.73). Then for the AdS background (4.75) the equations (4.72) can
be rewritten in the form of the equations (4.35):
GµνLq ≡

1(E) −
(
1±
√
1− 4Λ0
ΛEGB
)
(GB)

GµνL ≡ ∓
√
1− 4Λ0
ΛEGB
GµνL = κt
µν
q (4.88)
where subscripts (E) and (GB) are related to the Einstein and the Gauss-Bonnet part in
(4.71), which are with the coefficients “κ” and “γ”, respectively. The left hand side in
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(4.88) is calculated using (4.36) and
2GµνL ≡ − DσD
σ
hµν −DµDνhσσ +DσDνhσµ +DσDµhσν −
4Λeff
D − 2h
µν
− gµν
(
−DσDσhρρ +DσDρhσρ −
2Λeff
D − 2h
σ
σ
)
. (4.89)
The right hand side of (4.88) generalizes the energy-momentum in (2.71). It could be
presented as
tqµν ≡ −
2√−g
[
Eˆµν(gαβ + hαβ)− Tˆµν(gαβ + hαβ)
]
+ κ−1GLqµν (4.90)
where indexes for Eˆµν and Tˆµν were lowered by gµν , and they are thought as depending on
the sum gαβ + hαβ .
Constructing the charges for the EGB system one has to use the generalized expres-
sion (4.70). The current could be used. However, looking at (4.48), (4.73) and (4.90) one
can see that it is very complicated. Evidently that the superpotential expression (4.44) is
significantly simpler. We set Lˆ1 = LˆEGB1 in (4.42) and obtain
mˆ1σ
µν = ∓
√−g
κ
√
1− 4Λ0
ΛEGB
gσρDλH
µ(νρ)λ,
nˆρµν1σ = ∓
√−g
κ
√
1− 4Λ0
ΛEGB
gσ(λδ
(µ
pi)H
ν)piρλ;
Hµνρλ ≡ hµρgνλ + hλνgρµ − hµλgρν − hρνgµλ + hσσ
(
gµλgρν − gµρgνλ
)
. (4.91)
The substitution of the quantities (4.91) into the expression (4.44) gives the superpotential
related to the general EGB case:
Iˆµρ(s) ≡ ±
√−g
κ
√
1− 4Λ0
ΛEGB
×
×
(
ξ[µDνh
ρ]ν − ξνD[µhρ]ν − ξ[µDρ]h− hν[µDρ]ξν − 12hD
[µ
ξρ]
)
. (4.92)
It is expressed through the Abbott-Deser superpotential in the Einstein theory [68, 75], IˆµρAD,
as Iˆµρ(s) = ∓
√
1− 4Λ0/ΛEGB IˆµρAD. Recently, developing the results [75] Deser with co-
authors [76] have reached the same expression. Paddila [216] reffering to [75] also analyzed
it. Keeping in mind that different definitions for the metric perturbations ha can be used we
find that in fact the superpotential (4.92) belongs to the set
Iˆµρ(s) ≡
1
κ

1(E) −
(
1±
√
1− 4Λ0
ΛEGB
)
(GB)

(lˆσ[µ(a)Dσξρ] + ξ[µDσ lˆρ]σ(a) − D¯[µlˆρ](a)σξσ
)
(4.93)
where the Einstein part defined in D dimensions formally coincides with (3.74) in GR.
For the S-AdS solution (4.82) considered as perturbations with respect to the AdS
spacetime (4.75) one has in linear approximation:
h00 = h
11 = −∆f ≈ ∓
(√
1− 4Λ0
ΛEGB
)−1 (
r0
r
)D−3
. (4.94)
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To calculate the total conserved energy of the S-AdS solution we use the formula (4.70)
where we substitute (01)-component of the superpotential (4.92). The last is calculated
with (4.94) and the time-like Killing vector λµ = (−1, 0); covariant derivatives are defined
by (4.77). Finally (4.70) gives:
E =
(D − 2)rD−30
4GD
(4.95)
that is the result of [75], and is the standard accepted result obtained with using the various
approaches (see [216] - [225] and references therein).
4.5.2 The canonical Nœther mass
The results of this subsubsection, in fact, repeat the results by Deruelle, Katz and Ogushi
[182]. However, there is a difference between the approach in [182] and our approach in
[119]. In [182] conserved quantities are constructed in the way, when the charges for the
physics system and for the background system are constructed separately. Only after that
they are compared and differences are interpreted as charges for perturbations. On the other
hand, in [119] the conserved charges from the starting are constructed in the perturbed
form. This approach is in the spirit of the present paper and is presented explicitly here in
significantly more detail than in [119].
To construct global conserved quantities in the above prescription we again turn to
the generalized integral (4.70), only this time with the superpotential (4.59). Then it is
necessary to calculate the perturbations (4.61) and (4.62). For this one has to use the general
formulae (4.5) and (4.6) with the metric Lagrangian of the EGB gravity in (4.71). Also the
expressions in D-dimensions:
∆αµν = Γ
α
µν − Γαµν = 12gαρ
(
Dµgρν +Dνgρµ −Dρgµν
)
, (4.96)
Dρgµν = gτµ∆
τ
ρν + gτν∆
τ
ρµ , (4.97)
Rλτρσ = Dρ∆
λ
τσ −Dσ∆λτρ +∆λρη∆ητσ −∆λησ∆ητρ +Rλτρσ (4.98)
are useful. For calculation of the superpotential (4.59) we need in antisymmetric part of
(4.61) only. Thus after prolonged calculations we have
mˆ[αβ]gσ = (E)mˆ
[αβ]
σ + (GB)mˆ
[αβ]
σ
=
√−g
2κ
{
2∆[ασρg
β]ρ + δ[ασ ∆
β]
ρτg
ρτ
}
+ γ
√−g
{
2Rσ
ρτ [α∆β]ρτ − 6Rτ [αβ]ρ∆τσρ + 6Rρ[αβ]σ∆ττρ − 4Rρ[α∆β]σρ + 2Rρσ∆[αρτgβ]τ
+ 4Rρτδ[ασ ∆
β]
ρτ − 6Rρ[αgβ]τ∆piρτgσpi − 12R[αρ gβ]τ∆ρστ − 8R[ασ gβ]ρ∆ττρ + 2R∆[ασρgβ]ρ
+ R∆[αρτδ
β]
σ g
ρτ + 3R∆ττρδ
[α
σ g
β]ρ − 2gσρgτ [αDτRβ]ρ − δ[ασ gβ]ρDρR
}
. (4.99)
The expression for (4.6) is more simple:
nˆλαβgσ = (E)nˆ
λαβ
σ + (GB)nˆ
λαβ
σ =
=
√−g
2κ
{
gαβδλσ − gλ(αδβ)σ
}
+ γ
√−g
{
−2Rσ(αβ)λ − 4Rλσgαβ + 4R(ασ gβ)λ +R
(
gαβδλσ − gλ(αδβ)σ
)}
(4.100)
62 A.N. Petrov
For calculation of the superpotential (4.59) we need in the next part of (4.100)1:
nˆ[αβ]λgσ = (E)nˆ
[αβ]λ
σ + (GB)nˆ
[αβ]λ
σ
=
3
√−g
4κ
δ[ασ g
β]λ +
3γ
√−g
2
{
Rσ
λαβ + 4gλ[αRβ]σ + δ
[α
σ g
β]λR
}
. (4.101)
Perturbations of (4.99) and (4.101) are obtained following the recommendation given in
(4.61) and (4.62):
δ mˆ[αβ]gσ = δ[(E)mˆ
[αβ]
σ ] + δ[(GB)mˆ
[αβ]
σ ] , (4.102)
δ nˆ[αβ]λgσ = δ[(E)nˆ
[αβ]λ
σ ] + δ[(GB)nˆ
[αβ]λ
σ ] . (4.103)
We do not present explicit expressions for these perturbations because they are evident due
to (4.99) and (4.101). We note that only the two last terms in (4.99) contribute into mˆ[αβ]gσ
because ∆ˆγαβ ≡ 0.
Recall that in the canonical prescription one has to define a divergence in the Lagrangian
(4.50). We exactly follow the recommendation in [182]. In our notations it is the divergence
of dˆλ = nˆλαβgσ ∆σαβ . In the GR case this leads to the choice of KBL, that is to kˆα in (3.40)
that leads to variation of the action under Dirichlet boundary conditions. A more detail
discussion on a choice of a divirgence one can found in [182]. Thus, we define
dˆλ =
(
(E)nˆ
λαβ
σ + (GB)nˆ
λαβ
σ
)
∆σαβ =
√−g
2κ
(
∆λαβg
αβ −∆ααβgλβ
)
+ γ
√−g
(
−2Rσαβλ + 4Rασgβλ − 4Rλσgαβ + δλσgαβ − δασgβλ
)
∆σαβ . (4.104)
Substitution of (4.102), (4.103) and (4.104) into (4.59) gives the canonical Nœther super-
potential Iˆαβ(c) = Iˆαβ(c)E + Iˆαβ(c)GB for perturbations in EGB gravity. Its Einstein part formally
coincides with the KBL superpotential (3.54):
Iˆαβ(c)E =
1
κ
(gˆρ[αDρξ
β] + gˆρ[α∆β]ρσξ
σ −D[αξˆβ])− 2ξ[αdˆβ]E . (4.105)
only one has to keep in mind that it is presented in D-dimensions [182].
To calculate the mass of the S-AdS black hole we use the formulae (4.75) - (4.87) for
background and perturbed systems. We use the component Iˆ01(c) in the general formula
(4.70) under the requirement r → ∞. For this it is enough to calculate Iˆ01(c) in linear
approximation with respect to the perturbation ∆f in (4.87). Next, for calculating the mass
we again need in the Killing vector λα = {−1, 0}. In linear approximation the symbols
(4.96) are
∆100 = −
1
2r
∆ff(D − 5) , ∆010 = −
1
2r
∆f
f
(D − 1) ,
∆111 =
1
2r
∆f
f
(D − 1) , ∆1ab = −r∆fqab . (4.106)
1In [119] an analogous to (4.100) expression has a missprint.
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In calculations the simple relations (∆f)′ = −(D−3)∆f/r, (f)′ = 2f/r are used. Then
in linear approximation the Einstein part (4.105) gives
Iˆ01(c)E = −
√−g
2κr
∆f(D − 2) . (4.107)
The contribution from the Gauss-Bonnet part of (4.59) we write out in part. Thus in linear
approximation
−δ[(GB)mˆ[01]σ ]λσ =
γ
√−g
2r3
∆ff(D − 2)(D − 3) [3 + 2(D − 5)] . (4.108)
The contribution from (4.103) is
2
3λ
σDλδ[(GB)nˆ
[01]λ
σ ]− 43δ[(GB)nˆ[01]λσ ]Dλλσ = −
3γ
√−g
2r3
∆ff(D− 2)(D − 3) . (4.109)
At last, the contribution from the Gauss-Bonnet part of (4.104) is
−2λ[0dˆ1]GB =
γ
√−g
r3
∆ff(D − 2)(D − 3) . (4.110)
Summing (4.108) - (4.110) we obtain the Gauss-Bonnet part of the superpotential (4.59) in
linear approximation
Iˆ01(c)GB =
√−g
2κr
∆f(D − 2)
[
1±
√
1− 4Λ0
ΛEGB
]
. (4.111)
The definitions (4.76) - (4.79) were used. Summing (4.107) and (4.111) we obtain the full
01-component of the EGB canonical superpotential necessary for calculating the mass of
the S-AdS black hole:
Iˆ01(c) =
√−g
2κr
(
r0
r
)D−3
(D − 2). (4.112)
The definition (4.87) was used. Substitution of (4.112) into (4.70) gives again the standard
result (4.95).
4.5.3 The Belinfante corrected mass
Comparing the Belinfante corrected superpotential (4.68) and the canonical one (4.59)
we find that for constructing the first we need (together with (4.101)) in the expression
nˆ
τρ[α
gλ g
β]λgρσ instead of (4.99) and (4.104). Thus in EGB gravity
nˆ
τρ[α
gλ g
β]λgρσ =√−g
4κ
(
2gρ[αgβ]τgρσ − gτ [αδβ]σ
)
+
γ
√−g
2
{
2Rλ
ρτ [α − 2Rρτ λ[α − 8Rτλgρ[α
+ 4Rρλg
τ [α + 4gρτR
[α
λ +R
(
2δτλg
ρ[α − δρλgτ [α
)}
gβ]λgρσ . (4.113)
As is seen, it significantly simplify the expression (4.68) with respect to (4.59). Perturbation
of (4.113) is again obtained following the recommendation given in (4.62):
δ[nˆ
τρ[α
gλ g
β]λgρσ] = δ[(E)nˆ
τρ[α
λ g
β]λgρσ] + δ[(GB)nˆ
τρ[α
λ g
β]λgρσ] . (4.114)
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Combining (4.103) and (4.114) in the definition (4.68) we obtain the Belinfante corrected
superpotential Iˆαβ(B) = Iˆαβ(B)E + Iˆαβ(B)GB in EBG gravity. Its Einstein part
Iˆαβ(B)E =
1
κ
(
lˆρ[αDρξ
β] + ξ[αDρlˆ
β]ρ − D¯[αlˆβ]ρ ξρ
)
(4.115)
formally coincides with the superpotential (3.65), only one has to keep in mind that it is
presented in D-dimensions.
To calculate the mass of the S-AdS black hole we use again the formulae (4.75) - (4.87)
for background and perturbed systems. We use the component Iˆ01(B) in the general formula
(4.70) under the requirement r →∞ and for λα = {−1, 0}. We calculate a linear approx-
imation of Iˆ01(B) in ∆f . The (01)-component of the Einstein part (4.115) gives the same
result as in (4.107). The contribution from the Gauss-Bonnet part of (4.68) we again write
out in part. Thus in linear approximation
2λσDτδ[(GB)nˆ
τρ[0
λ g
1]λgρσ] =
γ
√−g
2r3
∆ff(D − 2)(D − 3) [3 + 2(D − 4)] . (4.116)
Summing (4.109) and (4.116) we obtain the Gauss-Bonnet part of the (01)-component
of the superpotential (4.68) in linear approximation that is exactly (4.111). Finally, thus,
adding the Einstein part we again approach the standard result (4.95).
4.6 Discussion
The results of subsections 4.2 and 4.3, first, generalize the corresponding results in GR
presented in sections 2 and 3, second, they generalize the Deser and Tekin approach [75]
in quadratic theories that is particulary presented in the framework of EGB gravity in sub-
section 4.5.1. Thus really we answer the criticism in [216] related to the Deser and Tekin
approach. Indeed, in subsections 4.2 and 4.3 we have extended the approach in [75] to
perfectly arbitrary backgrounds, which can be without symmetries at all, and arbitrary dis-
placement vectors (no necessity in Killing vectors) can be used.
The results of subsection 4.4 generalize the corresponding results in GR presented in
section 3. Also, our canonical Nœther expressions generalize the Deruelle, Katz and Ogushi
results [182] in EGB gravity, which in fact are presented in subsection 4.5.2, but only in a
preferred here perturbed form. The Belinfante corrected expressions both in a general form
in subsection 4.4 and in application to EGB gravity in subsection 4.5.3 are quite new.
A choice for more suitable and successful expressions for conserved quantities is not so
simple problem even in the framework of GR. Therefore, only we discuss general propos-
als for the generalized superpotentials (4.44), (4.59) and (4.68) from a general viewpoint.
However, a relation to GR, and to EGB gravity (subsection 4.5), of course, could be useful.
Let us turn to the superpotentials of the family (4.44) with the substitution of (4.42).
They differ from each other starting from the second order for different lˆµν(a), like the super-
potentials (3.74) in GR. The choice ha → lˆµν = gˆµν − gˆµν in GR was based on the two
points (see the end of subsection 3.5). First, only for this choice the superpotential from
(3.74) gives the standard energy-momentum and its flux at null infinity for the Bondi-Sachs
solution. Second, only the superpotential related to lˆµν from the family (3.74) coincides
with the Belinfante correction of the KBL superpotential. We do not know a test model for
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a choice of perturbations ha in the family (4.44) in EBG gravity. For example, an arbitrary
choice ha for the solution (4.82) leads to the same result (4.95) if we use a correspondent
superpotential from the family (4.93) instead of (4.92). Indeed, for this calculations only
the linear order is crucial, but it is the same for all of them. Considering the Belinfante
corrected expression (4.68) and the family (4.44) we see that, in general, they cannot be
identified. Indeed, the superpotentials (4.44) are linear in lˆµν(a) for an arbitrary metric theory,
whereas (4.68) does not. However many modified D-dimensional gravities, as a rule, are
the Einstein theories with corrections (quadratic and others, like string and M-theory cor-
rections). Among such theories the Lanczos-Lovelock theory (in particulary, EGB gravity)
plays an important role. Then, comparing the Einstein parts only (in the EGB gravity they
are (4.115) and the one in (4.93)) we again can prefer lˆµν from the set lˆµν(a). Of course, it is
not an absolute choice, but could be a recommendation.
Comparing (4.44), (4.59) and (4.68) we remark that the first is in the framework of the
field-theoretical approach, where perturbations are examined explicitly. At the same time,
the expressions (4.59) and (4.68) are presented rather as bimetric ones. Moreover, the ex-
pression (4.44), being a linear one, is significantly simpler. Next, the superpotential (4.59),
as a canonical quantity, essentially depends on a choice of a divergence in the Lagrangian.
But for an arbitrary metric theory, as we know, there is no a crucial principle for the def-
inition of such a divergence; there are only reasonable recommendations (see [182] and
subsection 4.5). On the other hand, expressions (4.44) and (4.68) do not depend on diver-
gences at all, that could be an advantage. Comparing (4.59) and (4.68) we can also note
that the Belinfante corrected expressions are simpler significantly. This is demonstrated
clearly by the corresponding expression in EGB gravity and by the calculation of mass of
the S-AdS black hole in subsection 4.5.3.
The applications in subsection 4.5 related to calculation of mass of the S-AdS black
hole in EGB gravity are, in fact, the test of the presented here approach. Recalling the
papers [216] - [225] where the S-AdS mass was calculated we note that all of them are in
agreement giving the acceptable result, although they use different approaches. In the most
of the papers the definitions are based on the first law of the black hole thermodynamics
and the connection with the surface terms of Hamiltonian dynamics. The surface terms are
defined following the recommendation by Regge and Teitelboim [190]. On the other hand,
considering the AdS background as an arena for perturbations one can connect conserved
charges with AdS symmetries expressed by Killing vectors and define them in the quite
classical form. Such approach was used in [182] and in just the present paper. In [224] the
charges are associated to the diffeomorphism symmetries of Lovelock gravities in any odd
dimensions. In [225] asymptotic symmetries of AdS spacetime were used with employing
the conformal completion technique.
Sometimes it is important to interpret some special situations with the use of developing
approaches. In the works [76, 216, 221, 226, 227] such a case, when
ΛEGB = 4Λ0 , (4.117)
is remarked. Indeed, this case looks as degenerated one. The reason is that the condition
(4.117) leads to a zero coefficient at the linear approximation of the EGB gravity equations
around the AdS background. Applying the generalized KBL approach in EGB gravity [182]
Deruelle and Morisava [226, 227] have found that mass and angular momentum expressions
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for the Kerr-AdS solution in EGB gravity have the same coefficient and have to be defined
only as zero. In the framework of the field-theoretical formalism we approach the analogous
conclusion. Turn to the equations (4.88). Under the condition (4.117) their linear left hand
side disappears: the Einstein part is canceled by the Gauss-Bonnet part. Consequently the
total energy-momentum for perturbations at the right hand side disappears also. This means
that the matter energy-momentum is compensated by the energy-momentum of the metric
perturbations. In the vacuum case the energy-momentum of the metric perturbations is
equal to zero. Thus the conserved integrals have to be equal to zero, like the charges in
[226, 227]. This situation on the AdS background is similar to the definition of zero energy
of the S-dS black hole in a so-called Nariari space in [222]. The last is interpreted as a
real ground state whose energy is lower than energy of the pure dS space. To escape the
difficulties with the situation (4.117) Paddila [216] using his approach suggests to use a
modified background without all the symmetries, unlike AdS one. All three the approaches
presented in the present paper have this possibility also.
In future we plan to check the formulae of the subsection 4.5 applying them to the
Kerr-AdS solution in EGB gravity keeping in mind, firstly, like in [226, 227], that asymp-
totically in linear approximation it has to go to the solution in the Einstein D-dimensional
theory [228, 229, 230], secondly, checking the just now appeared exact solutions [231, 232].
Moreover, the expressions related both to the field-theoretical and to the canonical Nœther
prescriptions already were used and discussed for examination of higher D Kerr-AdS space-
times [76, 226, 227, 230] including EGB gravity. Planning to check the formulae in EGB
gravity of subsections 4.5.1 and 4.5.2 for the Kerr-AdS solution we anticipate that the re-
sults will be identical with the ones in [76, 226, 227, 230]. Applications of the Belinfante
corrected expressions of subsection 4.5.3 for calculating mass and angular momentum for
the Kerr-AdS black hole in EGB gravity have to be testable.
Gravitational theories in D dimensions are very intensively developed. New solutions
with interesting properties appear following one by one (see, for example, [233, 234]). To
understand and describe their properties, which could be quite unusual, many of new solu-
tions need in calculating conserved charges. Therefore all of known and new possibilities
to define and calculate conserved quantities, if they are non-contradictive and satisfy all the
acceptable tests, could be interesting for future studies.
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